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• 
- 1. I nt r o d u c t i o n

The initial ITPACK code was conceived to be a package of

~?ortran ~~broutines to solve the large sparse positive definite

linear systems which arise from the five—point finite difference

di r.~cL~aLion of a general seif—adjoint elliptic partial differe r.—

ci~~1 cgt.ation

(1.1) (au )  + (Cu ) + fu — g

with Dirichiet boundary conditions on a region compatible with the

REGION subprogram. (For details , see Appendix 3.)

Thc current ITPACK code contains the following six iterative

algorithms

I. Jacobi Semi—iteration (J—SI)

II. Compressed Jacobi Conjugate Gradient (CJ—CG)

III. Red uced System Semi—iteratio n (RS—Sl)

IV. Reduced System Conjugate Gradient (RS—CG)

V. Symme tric Successive Overrelaxation Semi—iteration

(SSOR—SI)

VI. Symmetric Successive Overrelaxation Conjugate Gradient

(SSOR—SI)

which are developed in the monograph Ill by Hageman and Young.

These methods will not be motivated in this report ; however , detailed

algorithms are given in Appendix 1.

Fut ure plans for the ITPACK project are many and varied with

the major limiting factor being time for implementation of the code.

Various other iterative algorithms are being considered at this time.

These include the Block Jacobi Semi—iterative Method and the Block

Conjugate Gradient Method. Also coding schemes for mixed and Neumann

bo undary conditions are being developed. Yet another phase of this

project is the use of various finite difference stencils.

The purpose of the ITPACK pro jec t is to develop, study, and

analyze iterative algoirthm s for solving elliptic partial differ-

ential equations. The principal activities are centered around 

--— —~~~~----~~~~~~
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i~.proving those iterative algorithms which involve efficient

stopping tests and effective parameter determination when computing

~he  numerical solution of the large sparse matrix problems from

eL lip t ic equations whenever finite difference or finite element

procedures are employed.

It is anticipated that the code f r o m  t h e  ITPACK project wiii

~~~~ t~ . e f o i l O w i a , ~ be n e f i t a  aa~ u t i l i z a t i o n :

(a) t he  Uevelopne nt of ELLPACK L~odules which use  a d a p t i v e

iterative procedures to solve t he  linear systems

( b )  add  to  e x i s t ing knowledge of the effectiveness of various

iterative algorithms

(c) allow comparisons between these iterative schemes and

between iterative and direct methods

(d) the development of quality software as a research ana

tea c h i n g  t o o l

in  Section 2, background material relating (1.1) and basic

iterative methods is given with the detailed adaptive iterative

algorithms stated in Appendix 1. The overall structure of ITPACK

is outlined in Section 3 with a samp le of the code required to

use t h e  current ITPACK. The six test problem s and : -  •~~~t red io ns

are set—forth in Section 4 with complete details on subroutine

REGION in Appendix 3. Numerical results and figures are given in

Section 5.

2. Iterative Methods

The six iterative algorithms covered by this study are

developed in the monograph 11) by Hageman and Young. Consequentl” .

we will not repeat these derivations here. We will , how ever , pre-

sent some material related to the development of these algorithms

wnich will aid in t he ,  understanding of the detailed statements of

those procedures given in A ppendix 1.

We con sider the general seif—adjoint elliptic partial differ~~n-
tial equation with Dirichiet boundary conditions. 

~~ --~-- -~~~ -— ~~~~~~~~~~~~~ —-~~~---~~~~~~~~~~~~~~ -. -



-j

(au
~
)
~ 

+ (cu ) + f u  = g , (x ,y) E R
(2.1) y

u q , (x ,y) C 31t

Here a ,c ,f ,g,q may be functions of both x and y, and the reg ion

is d e n oc e d  R w i t h  b o u n d a r y  ~R.
Using the central difference discretization at the grid point

associated with (i,j), we have

(au ) { (au ) — (au )
X X (i j )  X (i+½ ,j )  X ( i— ½ j )

{a
j+½ J

Iu I+l j 
—

_ l l  —l_ a i...½,j (u
~~ 

— 

~~~~~~~~~ 
rh

Hence , we use

(au
~
)
~ L (~~ ) {a

~ +½~~ 
u j ÷l ~ + aj...¼ j  uj_1,j

—2+ a .j...¼ j)Ujj h

S imilarly, we use

(CU
Y
)
Y

c
~~
{Cj j+½

Uf j+l +

+

Here we let u~~ deno te the discrete variable as opposed to the

c o n t i n u o u s  v a r i a b l e  u .

~ i (i ,j ) ,  ~~~ ~i~.i t L —  j o t u c  e i L I L I I i C  I.~ qU L L t i O u  (2 . 1)  i~

~~~~~~~~~~~~~~~ by the lLne~~r t~• q u n t i c f l

( 2 . 2 )  S 1~~u 1,~~_ 1 — W 1~
u
1~~1~~ 

+ C1~ u
1~ 

— 

j  
— ii

ij
u i jl- i
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w h e r e

S — cij  i ,j — ½

W . , .  - a.
13

2C . .  = (a. 1 + a .  ) + (c . . + c. . ) — h f . .
13 i.+~2 ,3  i-.-~,j i,j +½ 1,3 —½ 3.3

( 2 . 3 )
E .  . = a.

N . .  — c .
13

2
— —h

4.

E q u a t i o n  ( 2 . 2 )  can be i l l u s t r a t e d  b y the  f o l l o w i n g  s t enc i l s

-N . .
13

-W . C . .  -E..
ii 13 13

—S = R ..

—S .
13

w h e r e

U.
1,3+1

U j ...1 j 
U
jj 

U
~~+11j  S

ui,j_l
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From ( 2 . 3 ) ,  we have the  f o l l ow i n g  s y m m e t r y  co n d i t i o n

W . = E .i j  1 1,3

S . .  - N.
13 1,3 1

so that only four coefficieitvalues need to be stored per grid point.

Hence , we have

-N u . - E .  u . + C . . u . .
i,jl i,j~~1 3 . 1,j i— l ,j  13 13

(2.4)

- E . . u . . - N ..u . . R ..
13 1+1 ,3 13 1,3+ 1 13

and

— E ~~
@ ( i , j )  .- - — — - 4 = ~~~

-N i ,j — 1

Since only regular grid points are considered , we have for

the basic linear equation

— (E 1ju j +1,j  + N~~j
u j , j+ i +

(2.5)
+ N~~,~~_ 1u 1,~~ .1 + R~~~) / C 1.1

--

~

-- --

~ 

—----~~~~~~~~~~~~~~~~~~~ - -
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U s i n g  m a t r i x  n o t a t i o n , equations (2.4) and (2.5) correspond

to

Au b

and

( 2 . 6 )  u = B u + c

r e s p e c t i ve l y ,  w h e r e  D 1A = I — B  and D = d i a g ( C ~~~) .  N o t i c e  t h a t  if
the  k — t h e q u a t i o n  in A u = b  c o r r e s p o n d s  to  t h e  g r i d — p o i n t  ( i ,j )
t h e n  b k is equa l t o R . .  p l u s  t he  sum of s o m e  t e r m s  in ( 2 . 2 ) ,
w i t h  u r e p l a c e d  by q , f o r  b o u n d a r y — p o in t s  a d j a c e n t  to (i , j ) .
C l e a r l y ,  A is s y m m e t r ic ,  w h i l e  B is n o t .  I t  can be shown t h a t
A is positive definite.

W h u n  the  r e d — b l a c k  o rd er i n g  is used , the basic iterative

system (2.6) assumes the form

U
R 

0 FR U
R 

cR
+U B F B 0 u B c B

w h e r e  t he  red g r id  points (U
R) are swept first and then the black

gr id points (ti E
). The number of gr id  p o i n t s  can be greatly de-

creased by considering the reduced system

(2.7) U
B 

F B F R U B + (F B cR + c B )

The bas ic  i t e r at i v e  e q u a t i o n  f o r  a l g o r i t h m s  based on t h e  J a c o b i
m e t h o d  is f r o m  ( 2 . 5 )

(2.8) 
(n+l) 

— ~~~~~~~~~~~~ + ~~~~~~~~~~~ + ~~~~~~~~~~~~~~ + N 1,~~_ 1u~~~~_ 1

+

_ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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or in matrix form

( 2 . 9 )  (n+]. ) 
— ~~~~~~~~ + ~

For the reduced system , the basic iterative equation would be

= (E ~
(
~~

‘½) + N (n+ ½) + E (n+ ½ ) + Nii ij i+l ,j ij i,j+l i-i ,) i—1 ,j i,j—l i ,j-- ].

(2.10) + R .)/c .
ij  13

where

( n+½ ) / (n )  
+ (n )  + (n )  +U k9, t E k~,u k+l~~~ N k~

u k~~~÷l Ek_j ,~~
u k_ l ,~~ N k , &_ 1 u k , Z ...l

+ R
k~~~

)/C
k &

Th is corresponds to the following stencil at each regular iterior

gr id  po in t
U .1,3 +2

u i_ 1 , j+ l _ _ _ _ _  _ _ _ _ _  

u i+l , j+ l

$ ~~~~~~~~~~~~ ii 
~~ ,

u i_ l , j_ l
i 

~~ 
-_--jU

i+l,j_l

U .1,3 2

The basic iterative equation for the resulted system is

(2.11) 
(n+l) 

F
B
F
R
u
~
’
~ 

+ F B cR + C B

However , it is easier to consider this as two separate iterations.
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(n+ ½) 
= F +UR RUB C

R

u~~~
I 3

~ = F 
(n+~~) +B B U R C

E

a sweep  of t h e  red  g r i d  p o i n t s  w o u l d  be d o n e  w h i c h  i n v o l v e’ ;

a “ wei g a t e d— a v e r a g e ” of t h e  a d j a c e nt  b l a c k  g r i d  po i n t s  w i t h  t h e

r e s u l t s  b e i n g  s t o r e d  in the  red  s t o r a g e  l o c a t i o n s .  T h i s  is f o l l o w e d

by a similar sweep of the black grid points using (2.10). The net

result is (2.11) with the b l a c k  g r i d — p o i n t s  a t  i t e r a t i o n  n+1 and

the red grid points at iteration n+½ .

T he S S O R — S I  and t he  S S O R — C G  method use .  f o r  i t s  bas i c  iterative
equation the SSOR scheme w i t h  r e l ax a t i o n  f a c t o r  ~ to  a cce l er a t e  t h e
rate of convergence. The SSOR pro cedure involves a forward a nd
backward sweep of all grid points with the natural ordering . A

- 
- symmetric positive definite iteration matrix , ~~~~~~~ is o b t a i n e d  f r o m

this to- and— fro sweep. The natural ordering is used since t~’ie o~~ti—

mum relaxation factor for SSOR with the red—black ordering is u~ = 1,

i. e . ,  t h e r e  is no a d v a n t a g e  in using the SSOR procedure with the red—

black order ing . The basic iterative e q u a t i o n s  f o r  methods based on

the SSOR me thod is

(n )  (n )  (n+½) N ( n+ ½)
13 = 

~~
(E

~~~u 1+1~~ + N~~~u~~~~÷i + ~~~~~~~~~~~~~~ +

+ R . . ) / C , .  + (l-~~) u~~~13 1J 3.3

(n+ 1) (n+1) (n+1) (n+½ ) (n+½)w ( E . . u .  . + N . .u  . + E .  . u . . N . ., u.
13 13 i+l ,~ 13 i ,j + l  i— l ,3 1— 1,3 i , j .i. 1 ,~~~~

+ R j j ) / C i j  + ( 1— o~)u

•fl ii~ cnn be written in iiuttrix f o r m  

a ; I
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(n+½) 
~~~~~~~ + k~~

’
~

(n+l) 
- ~~~u

(n+½) + k~~~

or

(2 . 1 2 )  (n+l)  ~~~~(n )  + k

whe r e

= GU
~~~

=

The six iterative methods investigated in this study apply either

Chebyshev Acceleration (Semi—iteration) or Conjugate Gradient

Acceleration to a basic method of the form

~~~(n )  + k

w h e r e  k

Jacob i : B , c 
-

R e d u c e d  S y s t e m  F B F R , F~~c~~+ c~

SSOR : = , ‘-IL k~~
’
~ + ~~~~LA) O) (A) LA)

B o t h  t h e  Cheb y sh ev an d t h~ Co n j u g a t e  G r a d i e n t  A c c e l e r at i o n
p r o c e d u r e s  f o r  b a s i c  m e t h o d s  of t h i s  f o r m  can be w r i t t e n  as

+ ~~~~~~ + (1 —

w h e r e
— + k — 

(n )

Here 
~n+1 and 

~
‘n 

are accelera tion param eters which are de term ined

automatically in the algorithms. As a reference for these methods

and the accelera tion algorithms consult Hageman and Young (1).

— - — -~~~--~~~~~~~-~~~~~~~~ —-—- ——-—- --—-~ - -f i  _— -~ - ~~~~~~~~~~~~ -~~~~ fi-~~~ -- ~• ~~~~-~~~~- _
~~~~_ •f l _ _ f l _ _

fl
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Detailed descriptions of the following six adaptive algorithms

are given in Appendix 1.

I. Jacobi Semi—iteration (J—SI)

II. Co m p r e s s e d  J a c o b i  C o n j u g a t e  G r a d i e n t  (CJ—CG)

III. Reduced Sy s t e m S e m i — i t e r a t i o n  ( R S — S I )

IV. Reduced System Conjugate Gradient (RS—CG)

V. Symmetric Successive Overrelaxation Semi—

I t e r a t i o n  ( S S O R — S I )

VI . Symmetric Successive Orerrelaxation Conjugate

Gradient (SSOR—CG)

We s h o u l d  n o t e  t h a t  p r o c e d u r e s  b a s e d  on t h e  SSOR m e t h o d  r e q u i r e

twice as much work per iteration. Also , that the J—CG method re-

quires exactly twice the number of iterations as does the RS—CG

method .

4

~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _______ A
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3.  I T P A C K  S t r u c t u r e  and U s e

The ITPACK c o l l e c t i o n  of codes  p r e f o r m s  v a r io u s  t a s k s  w h i c h
a r e  a c c o m p l i s h e d  in i n d i v i d u a l  m o d u l e s .  The b a s i c  m o d u l e s  a r e  (1)

g r id d e f i n i t i on , ( 2 )  g e n e r a t i o n  of t he  n o n z e r o  c o e f f i ci e n t s  of
the linear system , ( 3 )  d e f i n i t i o n  of t he  o r d e r i n g  v e c t o r  f o r  t h e
Jrid paints , (4) initialization of t h e  u n k n o w n  v e c t o r , ( 5 )  solu-

tion b y an iterative method , a nd ( 6 )  o u t p u t  of r e s u l t s .

The grid definition is accomplished by the subroutine REGION.

I n i t s  p r e s e n t  s t a t e , REGION accepts a polygonal parameterization

of the domain of interest. However , this parameterization must

be established ‘ising horizontal , vertical , and forty—five degree

lines. Consequentiy , it is only designed to accept uniform mesh spacing. -

I t  will however  a l l ow r e g i o n s  w i t h  ho les  in them. REGION generates

a r e c t a n g u l a r  g r i d  and d e f i n es  an i n t e g e r  a r r a y  GTYPE such  t h a t  f o r
each  g r i d  p o i n t  (I , J )  t h e  v a l u e  of G T Y P E  is e i t h e r  1, 2 , or 3 w h i c h
indicates either interior , boundary, or exterior grid points ,

respectively. REGION also defines arrays GRIDX and GRIDY which

contain the coordinates of the grid points in the x and y direction.

In a d d i t i on , REGION d e f i n e s  the m i n i m u m  and m a x i m u m  x and y values
(AX ,BX ,AY ,BY) ,  the ac tual number of g r id  p o i n t s  in each direction
(N G R I D X , N G R I D Y ) ,  and the  t o t a l  n u m b e r  of g r id  p o i n t s  ( N G R P T S ) .  The
remainder of the ITPACK code needs only the grid information gen-

erated by REGION and not the parameterization. A complete listing

of REGION is given in A ppendix 3 along with additional details

on the use of this subroutine.

The n e x t  t a s k  is that of generating the nonzero coefficients

of the associated linear system . This is accomplished in the

Fortran module FIVEPT which is currently designed to handle only

s e i f — a d j o i n t  e l l i p t i c  o p er a t o r s .  T h e r e f o r e , t he  l i nea r  s y s t e m  is
s y m m e t r i c  and a symmetric storage scheme can be used . These non-

zero coefficients are placed in a f o u r — c o l u m n  array COEF as follows :

COEF( IJ ,l) = center coefficient at (1,3)

C O E F ( I J , 2)  — n o r t h  c o e f f i c i e n t  a t  (I , J)
C O E F ( I J , 3) = east coefficient at (I,J)
C O E F ( I J M 1 , 2) — s o u t h  c o e f fi c i e n t  a t  (I , J )

-- - ~~~~~~~~~~~~~~ —-~~~~~~~~ -— ~~~~~~~~~ - - ~~~~~~~~~~~~~~~~ - -fl - ‘- -- ~~~ f l•~~~
._—-  - -

~~~
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C O E F ( I M 1 J , 3) = wes t  c o e f f i c i e n t  a t  (I , J)

C O E F ( I J , 4)  = r i g h t — h a n d  s ide  a t  (I , J)

wh ere

13 I + ( J_ 1) *N G R I D X

1JM 1 = I + ( J _ 2 ) k N G R I D X

IM 1J = (I—i ) + ( i_ l ) * N G R I D X

The basic iterative equation then becomes

13( 13) — ( C O E F ( I J , 3 ) *U ( IP 1 J)  + C O EF ( I J , 2 ) * U (I J P 1 )

+ COEF (IM 1J , 3) * U ( I M 1J ) + C O E F (I J M 1 , 2 ) *U (I J M 1)

+ C OE F ( I J , 4 ) ) / C O E F ( I J , 1)

w h e r e

IP1J = (1+1) + ( J_ 1) *N G R I D X

IJP 1 = I + J*NGRDIX .

F I V E P T  r e q u i r e s  t he  s u b r o u t i n e  PDE which  is use r  s u p p l i e d  or

gen erated by the ELLPACK control program . PDE computes the coeffi-

c i e n t s  of the  seif—adjoint elliptic operator at the point (x,y).

A samp le of t he  use  of PDE is g iven  in Appendix 2.

To allow extensions to three—dimensional problems , a one—

dimensiona l array is used for the unknown vector with the elements

ordered so that a linear sweep through this array is the same as

proceeding through the grid points with the natural ordering. At

present , four orderings have been coded and tested , namely, the
natural ordering (NATORD), the red—black ordering (RBORD), the

diagonal ordering (DIAGORD), and the spiral ordering (SPIRORD).

Eac h of these subroutines defines the arrays NDXEQ and INVNDX.

NDXEQ is def ined in such a way that 3 = NDXEQ(I) means that the I—th

po int that is swept is actually the J—th point in the natural

ord ering. INVNDX is the inverse index array defined such that

INVNDX (NDXEQ(I)) — I. This convention is outlined in ( 5 ] . These

arrays enable the same code to use any ordering specified. It is

_ _  - - -
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~~~~~~~~~~~ to n o t e  t h a t  f o r  e f f i c i e n c y  in p r o d u c t i o n  s o ft w a r e  one
mi ght want to write code so that the ordering was encoded into the
iterative algorithm ; however , this would not allow any versatil ity.

The next ITPACK task is to initialize the unknown vector in

the subroutine INTUNK which uses the user supplied (or ELLPACK

generated) routines APXUNK and BCOND. The subroutine APXUNK com-

putes the initial approximation (or guess) f o r  the unknown (or

solu~~1un) vec tor. When no information is available the value of

ze r o i~ t a k e n f o r  the  i n i t i a l  g u e s s .  The subroutine BCOND computes

t h e  v a l u e s  of the  b o u n d a r y  g r id  p o i n t s .  S u b r o u t i n e  IN T U N K  s e t s

the elements of t h e  a r r a y  UNK N WN , wh ich  co r r espo nds  to interior

grid points , to the values supplied by subroutine APXUNK. Other

elements which correspond to boundary grid points are set to values

supplied by BCOND while exterior grid points are set to zero .

Certain input data besides the parameterization i n f o rm a t i o n

for REGION and the subroutines PDE APXUNK and BCOND must be

supplied. The following is a list of all the necessary input data:

LEVEL Controls o u t p u t  of R E G I O N

NGRDXD Maximum number of grid points in the x d i r e c t i o n .

Also the first dimension of GTYPE , and dimens ion
of GRIDX.

NGRDYD Maximum number of grid points in the y direction.

Als o the second dimens ion of GTYPE and dimension
of GRIDY .

MXNCOE Set equal to 4 for five—point stencil. Later

a value of 6 will indicate a nine—point stencil.

MXNEQ Dimension of UNKNWN and first dimension of COEF .

Commonly taken to be NGRDXD*NGRDYD.

ITMAX Upper bound on number of iterations the user

will allow the method to take efore convergence.

If ITMAX is reached , the methc i will stop and

ex i t  n a t u r a l l y .  N o t e  t h a t  the stopping criteria

may not be satisfied.

ZETA T o l e r a n c e  level  in s t o p p i n g  t e s t  ( u s u a l l y  lO
_ 6

) .
EPSI T o l e r a n c e  level  in r o o t  s o l v i n g  and checks  in

d ivision by zero .(uaually 10
6
).

• , .
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CME Initial guess of largest eigenvalue of the

i t e r a t i o n  m a t r i x .  I f  no i n f o r m a t i o n  is
known , CME=O. O is acceptable .

SME Initial guess of smallest eigenvalue of the

iteration matrix. If no Information is known

10.0 i f CASE = FALSE
then set SME = ‘~

~-l.0if CASE = TRUE

CASE A logical variable to indicate which case of

the adaptive procedure is used.

F A factor used in the adaptive procedure

- 

- 
(usually F = . 7 5 ) .

A workspace area must be supplied in blank common. The size

of this workspace varies for each method and the variable MXNEQ.

The workspace is used in various capacities , but is primarily

needed for the auxiliary storage utilized in the iterative algorithms.

At present , the workspace array WORKSP must be dimensioned as

follows for each iterative method:

Minimum Value of Dimension for

Method WORKSP

J—S I 3*MXNEQ

CJ-CG 3*MXNEQ + 200

RS- SI 2*MXNEQ

RS- CG 4*MNXEQ + 200

SSOR-SI 5*MXNEQ

SSOR-CG 6*MXNEQ + 200 

-~~~~~~~
-
~~~~

--~~~~~---~~ 
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4. T e s t  P r o b l e m s  and  R e g i o n s

In o r d e r  to  t e s t  t he  code  w r i t t e n  to  d a t e  f o r  I TPACK , s ix

t e s t  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  with known solutions and six

~ç i a L A r , we re  s e l e c t e d .  The  t e st  c ase s  w e r e  des  ign e d  so t h a t  t h e

beaa v i~~r o f t h e  s ix  i t e r a t i v e  a l g o r i t h m s  c o u l d  be m o n i t o r e~~.

T’kAe test equations cover a wide range of seif— adjoint oper~iL ()r.~.

of the form

L ( u ) f

For each of the test problems , u is known over a region R.

Fur ~~h er m o r e , on t h e  b o u n d a r y  of R , the  f u n c t i o n  u is se t  t o  t h e

true solution of the problem . For each iterative method , t~A e

initial approximation for u on the iterior of R was selected

to be identially zero. 2 22 3
In the following equations , V . — .—

~~ 
. + — and

3 3x 3y 2
V . -  .— .+- - - .

3y

The test problems are as follows:

(1) V 2 u~~’f

w h e r e

x+y
f = 6xye (xy +x+y—3)

x+y
Utrue — 3xye (x—l) (y—1)

(2) (e xY u
x)x 

+ (e~~~~uy
)
y 

- u / ( 1 +x + y )  = f

where

f = ~r{x sin (7rx) cos(iry) + 3ye 2~~ cos (71x) sin(lry)}

+ s in ( T x )  s i n (T y ) {( 2 y 2
~~~

2 )e 2
~~~ - ~

2 — e~~/(1+x+y)}

utrue — e~~
’sin(T~y) sin(irx) .

- ~~~~~~~-— -- - — -~~~~~~~~~~~~~~~~~~~~~ -—.- --~~~~~~~ —- --fi -- - ---
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(3) V.[(l+sin(~~~(x+y)Vu 1 f

where

f = 8 [ l + s I n ( ~~~ (x+ y ) ) J

+~~~
25ifl (~~~(x+ y [(X _

~~~
2
÷ (y _ ~~~

2
]

U = 2 [ ( x - 4)
2 + ( y -~~ ) 2 ] / [ l + s I n ( ~~~ ( x + Y ) ) ] .

(4) V2 f

where

2 2t = 8(x +y —x—y)

U true 
= 4xy(x—1)(y—l)

(5) V
2
u-l O O u f

w h e r e

f = 300 cosh(20y)/cosh (20)

U
true 

= cosh( l0x )/ c o sh(lO) + cosh(20y)/cosh(20).

( 6) ( A ( x ) u ) + ( C ( y ) u ) = f

where

= 
t(2+x)e

x 
- 7r

2
(l+y)sin(lry) + cos ( ry) , x ,yc[O ,½]

L( l_x )e x -ir 2(2-y)sin (iry) - cos(lTy), x ,yC (½,1]

U = eX +sin(ry)

and where

L ~~~~~~~~~~~~~~~~~~~~~ -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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f l+x , x c [ O ,½]
A (x) — 

2—x , xc (½ ,1)

I i+y , ytJ O ,½]
C(x )  — 

~

1 

2—y , yc (½ ,ll

The six test regions selected are as follows.

(1) ( 2 )

0 1 x 0 1 x

(3)  (4 )

y fl ’ y-

14  

1
1 

- -- —-- ‘-~~~~--———-~~~~~~~~~~~~ ---—-~~~~----
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( 5 )  ( 6 )

0 x 0 x

For each of the six test regions , the vertices indicated b y

dots are as follows:

( 1) (0,0) (1,0) (1 ,1) (0,1)

( 2 )  (0,0) ( 1,0) (1,1) (.8 ,1) (.8,.8) (.6,.6) (.4,.6) (.2,.8)

(.2,1) (0 ,1)

( 3 )  (0 , 0) (1 , 0 ) ( l , . 4 )  ( . 6 , . 4 )  ( . 4 , . 6 )  ( .4 , 1) (0 , 1)

(4) contour 1 — (0, 0) (1 , 0) ( . 5 , . 5 )  ( . 5 , 1) (0 , 1)

contour 2 —  (.2,.2) (.2,.4 )  ( .4 , .4)  ( . 4 , . 2 )

(5) (.2,0) (.6,0) (l ,.4) (l,.6) (.6,1) (.6,1.2) (.2 ,1.2) (0,1)

(0,.8) (.2,.6) (0,.4) (0,.2)

(6) contour 1 —  ( . 6 , 0) ( 1 , . 4 )  (l , . 7 )  ( . 7 , . 7)  ( . 7 , . 9) ( . 4 , . 9 )  ( . 4 , . 6 )

(0, .6)

contour 2 —  (.4,.3) (.4,.5) (.45,.5) (.45,.35) (.5 , . s 5 )
(.5,.5) (.55 , . 5 )  ( . 5 5 , . 3 )

contour 3 —  (.7,.3) (.7,.45) (.65,.45) (.65 ,.5) (.8,.5) (.8 , . 4 5 )

(.75 , .45) (.75, .3)

The identification grid array GTYPE generated by subroutine

REGION is given in Appendix 3 for each of these regions. 

- - - .~~~~~~~~~~ --~~~ —-~~~~-- - - - - - --
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5. Numerical Results

In this section we will discuss the results of numerical

test runs with the ITPACK code. The first set of test runs

were on the unit square with h 1/40. This was done to compare

the results of the six iterative methods on a common region over

a variety of problems. All six methods were run on the six test

equations described In Section 4 with the following Initial data:

F = .75 CME = 0.0,

EPSI  = .000001 , SME = 0 . 0 ,

ZETA = .000001 , CA SE = .FALSE.

The red/bl ack ordering was used with 3—SI , RS—SI , RS—CG , and CJ—CG.

The natural ordering was used with SSOR—SI and SSOR—CC . All runs

were made on a CDC 6600 wIth the MNF compiler and UT2D operating

system.

For the second set of test cases we considered the elliptic

operator described as test equation (2) in Section 4. Each itera-

tive method was used with the five test regions described in

Section 4 with h = 1/20. All input data , Initial conditions , etc.

used were the same as those selected in the first set of test cases.

The following tables represent these runs and give the resulting

data for comparison. Each block of the tables has the form

A l  B

C

D

where
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A — Number of iterations until convergence

B = IIu true
_ u

comp utedU D½ / I I u
trueM D~

For 3—SI , R S — S I , SSO R — S I , SSO R — C G , a l i s t  of

j iterations numbers where paramtters were chan~~~c:

For CJ—CG and RS—CC , the iteration number where

a new estimate of CME was last calculated

D — Last estimate of CME .

For further comparison of the iterative methods , conto ur

plots of error distributions between computed and true solutions

were generated. All of these test cases used the seif—adjoint

operator described as problem (4) on the unit square with h = 1/2G.

Problem (4) was used so there would be no discretization error

f r o m  the  five point difference equations. The contour plots are

of the func tion z (x ,y) def ined as

u
~~~~~

(x ,y) _ u
~~~~~~~~d

(x ,y)
~z(x ,y) —

SCALE

where

SCALE — max lu (x ,y) — u (x,y)}.true computedx ,y

Figures 1 thru 4 are the error disttibutions at convergences

of SSOR—SI , SSOR—CG , RS—SI , and RS—CG respec tively. Figures 5 and

6 show the error distribution of RS—CG after five and ten itera—

tions , respec tively. The scaling factor , SCALE , which is the max—

imum pointwise absolute error is given for each case. 



- -~ -~ - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~

-
~~
-- --

~~~~
- - - -  -

~~~~ 
-
~~~~~~~

_ _ _ _  _ _  - T ~~~~~ 
— __ — - -

-3 .3 - .3 C’ - .3
— I I - I I - I
N 0 0 0 N. 0- I 0 0

_I .-4 -~ _4 - _4 - —
K K ’ K K -  K K

T a’ N ~~ — ~0 -4
N I - .3o 0 ~~ 

- .-4 .0 N ~~N ~~ ~~ -~~ I N C’ m • ~~ ‘0 I OS ~fl .3 N. •
Cl~ — 1 N. 0 -  — .

~~ m ~‘s F~ N 0 .0 -3 r~ 0 ~fl. . N. • -4 •
(‘~ ‘0 -3 .3 15 N 5’-I OS N. .3 ~ 4 OS ~‘S sO C’ ~~S

— . 15 • 15 — . • I • .3 • ‘0
-.1 05 .-4 CS ‘-4 0’ .-4 C’ — — .-4 C’
• C’ ~~ • 05 .3 . 0’ 415 05 .0 • 05 ,-I • 0’

N 0 • (1 0 • 0 • N 0 • ~ l 0 . 4~5 .

— ____ 
— -4

-3
I .3 .3 m -3
0 I I - I I I
— 0 0 0 0 I
K — ‘~~ I
N K K K K K
m so 415 N. 3

o 0 — ‘0
0 0 sO N

451 —3 ‘0 4~5 ‘0 ‘0 as 415 C I—.
N 0 ‘0 C’ .3 s—4 ‘0 C 0 N- U

• 45. • . .3 • Q •4._S -4’ .3 454 —4’ 4—. —3 4-— 0. C 0’ —3 4—.
41.5 __ ..__J ‘-0 — — ‘- ________ 4,, C • ‘005 .3 C’ 451 05 I Cfl 05 454 454 — 454 05

O • C’ NI • 05 ‘0 C’ ,—4 • C’ 05 • C 4 • C’
m 0 . C~5 0 . 0 • 0 . ,-l 0 .3 0

-4
.3 -3 .3 ‘0 4._S -3

I I I I I
0 0 0~~ 

- 0 0 0



, _
~~~~~~

_ _ _
~~~
, 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

N -
NI _ -34._S -4’ -3 I .3 4.1 I

I I I I I 00 0 0 0 0 . 4- 
KK K K I K K

445 05 sO 50 4._S ‘00 ‘0 N. 0 Cfl 50
C/~ sQ NI 4._S ‘0 ‘0-3 ‘0 N. NI N- .3 0 05 -3 0sQ -4 -3 50 -~ 50 .3 4-. 0 50 .-4 0 -3 C’ 0 -4

‘0 • • NI • • 0 . • _i .
4.4 ‘0 4._S 4 4.1 NI .3 . m •~~ ..4 NI 0 NI 4._S ‘005 • 0 • 0~ - ‘0 • 4._S • 445

—  ,.4 N. 1 N. — . 4  451 — 4._S — 4 N- — . 1  511so - 05 N. • 05 411 - 05 -3 - C’ ‘0 - C’ 0 • ‘0—4 0 — 0 • ‘4  0 . — 0 . 
~~I 0 . — 0

m
I -3 -3 4.1 -3
0 I I I I I

0 0 0 0 0
K ‘~~
m K K K K K
50 ‘0 ‘0 441 NI 50

0 sO NI NI 51_S -4(41 ,.4 C’I -3 441 ‘0 451(41 ‘0 -4’ ‘0 ,—l NI 411 ‘3 411 OS C 0 4._S
• ‘-0 .3 NI 50 41.5 0 0 0 C 0 4._S

.-4 0 . 4._S NI .-4 0 . - . 00 ‘0 N. .3 ml .-4 .-4 .3 454 -4 NI ‘00 — • ‘0—4  • C—  NI — C’ — 44.5
4-sI I ‘0 NI N- NI N. NI 4-51 N. NI 05
4.4 C’ NI • C’ -~ • 05 ‘0 - 0’ 0 • C’ NI • ‘00 • 4-54 0 - ~ 4 0 • — 0 • NI 0 • 4 0

44_S .3 -3 4._S ‘3I I I I I I
0 0 0 0 0 C

-4 -4 _-4 —
K K K K IC K

0 41.5 ‘0 41_S 451 NI Cs
0 ‘0 05 4-51 . 4  50 .3

‘0 NI 4-51 ‘0 sO 411
I 4-51 ‘0 45. N 

~~ -3 os C’ cs  0 N- 0so I ~t1 .3 NI 50 cn 0 ‘0 0 0 0 0’ NII 0 . ‘0 - . 41.5 • sQ • NI ~~.I 454 ‘0 4 4-51 ~ 5 NI so NI ~_SI N- C’ ci N- NI C’



F- 
~~~~~~~~~ 

-S-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~ ---——
~-------•• 

23

_~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~~~~___  ___  _ _ _ _ _ _ _ _

___  
- - ~~~~

I 
_ _ _  ~~~

-
~~~~~- 

‘-
~~ 

-

~~~~~~~~~~~~~~~~

________ _______ • - .

— I I I I I I
- - ‘ - r — -J 4)  • ~ .. • 4 L~ - •J ~iC • U . 4

Figure 1. SSOR—SI method error distribution at convergence

(SCALE 7.529572xl0 8)
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Figure 2 .  S S O R — C G  method e r ro r  d i s t r i b u t i o n  a t  c on v c r ~~cn c e

- ( S C A L E  = 1.583368 x lO
_ 8

)

- - - - • . .



r~ ~~~~

- ——---
--- = - ~~~

——--“ --—---
~--—- —--~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

25

C) - _ _ _  _ _ _  — -

- 

~~~~~~~~~~~~~

I I  
I \ I  ~~~I 4  I ~~~~~

J~ I H ~~~~ IH  ~~~ J H I I I ~~ i

~7 J ~ 

~~~~ , J I

C
~~~~~~~~) o ~~~~~ 4)  .

I
I~~l~ 

-

Figure 3. R S — S I  m e t h o d  e r r o r  d i s t r i b u t i o n  a t  c o n v e r g e n c e

(SCALE = 2163014 x l0~~~) 
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Pigure 4. RS—CG method error distribution after 5 iterations
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Figure 5. RS—CG method error distribution after 5 iteratIons

(SCALE 3.792600 x 10
3)
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DescrIption of Adaptive Procedures

(Equations , Flow Chart , and Algorithm)

Precise descriptions of the following six adaptive iterative

algorithms are stated in this appendix.

i. Jacobi Semi—iterat ion (J—SI)

II. Compressed Jacobi Conjugate Gradient (CJ-CC)

III. Reduced System Sem i—itera t i on (RS—SI)

IV. Reduced System Conjugate Gradient (RS—CG)

V. Symmetric Successive Overrelaxation Semi—iteration

(SSOR~-SI)

VI. Symmetric Successive Overrelaxat ion Conjugate Gradient

(SSOR— CG)

For each method , a list of equations , a flow chart , and an al gorithmic

descri ption is given . The latter description details exactl y the

adaptive procedure used In the ITPACK code. The mathematical deriva-

tion for each of these methods can be found in Hageman and Y o u n g  [ 1 1 .

I
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I. J-SI: Jacobi Semi-iterative Equations

(1) Adaptive Parameters

y = 2/(2_M
E
_m
E
), °E = (M

E 
m
E
)/ (2 M

E 
m
E
),

r = (1 - (l-o~ ]~~)/(l + [‘-o~~J~~)

(2) Acceleration Parameters

1 h 1 ~~~
21, n s+l

= I
[ l/11_ (0 E/2) 2p

fl
1, n > s+l

(3) Residual Vector

I v~(n)+ 1_Y b~~
-l)

, n = 8+1
(n) J— 

B*u 
(n) 

+ ~~ - ~ 
(n) 

~ > 8 +

(4) Iteration Vector

(s+1) (s) (s)
u y

~ 
+ u  , n = s

(n+l) 
= + u~~~) + (l-p~~ 1)u ~~~~~ , n 

~ 
s+l

(5) ~~~pping Test

d(n) (~)
T

(~)

STEST = [1/(1_ME) J [d (n)/ (u ~~
)

*D*u~~~)J 1/2

If STEST < ~~, then exit.

ii 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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6. Changing Parameter Test

QA = [d(n)/d(s)J~

QT = 2r~~~~~~
2
/(l+r~~~

5)
)

If QA �QT
F
, then change parameters.

7. Ray leigh Quotient Vector

= + 5(n)

= B* ’
~~~ + c - 

4444(n+l)

8. Computing new ME and mE
Z = (1+r~~~~~)(QA + [QA2-QT

2
1~~

2
)/2

= ~
l/(n-s)

a. = (X+r/X)/(l+r)

IME’ i f n = 0

~

, 

(M
E
+n1
E
+a(2_M

~~
m
E
) ]/ 2, otherwise

~~~~~ ~)/d(n) , if case I

M2 ( l ) ( 1 )  
, if case II

ME = max(M
1
,M2
)

I not changed, if case I
ME = 

-~~~~~ 
, if case II
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/
Start 

II Input
-- - -  

~~~~~~
-

-

~ I

L~ =° ~ ~~~
FC~mpute 

—

~1

IResidual
Lvector (3)

~~~~~~~~~~~~~~~~~~~~~~~~~~

F -

Compute Rayleigh
Quotient Vector 

- - - Compute
Acceleration
Parameters (2) 1 ——-- —-- - 

~~~~~~~~1

[~~npute New

~~~~~~1 t
and

mE 
(8)

—~~~~~~~~~~~~~~~~~~~~~~~~~ 
-.--- -

‘[ Compute
Iteration - 

___________-

hector (4j [Compute Adaptive

I I Parameters (1)

[
=N+1

] 
_ _ _

_ 1 _ _ _-

Flow Chart 1: J-SI Method 

— — -— —--- - - Al



r - —

~~

----- — - ----

~~~~~~ 

------- ---- --- —— ---—

~~~~~~~~~~

-- -

~~~

_- - - -

34

J — S I :  J a c o b i  S e m i — i t e r a t i ve  A l g o r i t h m

Input u ’
~
°
~~,CME ,SME ,F ,EPSI ,ZE TA ,CA SE ,ITMA X ,LEVEL

Set N:=0 ,S:= 0

Compute CNRM:=c T*D*c , where c=D 1b

If CNRM<EPS I , then go t o~~j~~~~j

I~IART] 
If N > ITMAX , then go to IEXITI

If  N~~S+l , then c o m p u t e

else compute =GAMMA .~~~~
)÷(1_GAMMA) .o (tI 1)

Gest for stopp ing) 
T

Compute UNRM:=u~
’
~ *D*U

(n)

T
D!L N R M : = S~~’~ *D*~~~’~

If  UNRM < CNRM / 2, then set UNRM:=CNRM/2

Compute STEST:=(DELNRM/UNRM)~~/(1-CME)

If STE ST < ZETA , then go to 
_____

(Test for changing parameters)

Tf N=0 , then go t0ICHANGE I

Compute QA :=(DELNRM/DELSRM)1, P: N-S ,

QT: =2R~
”2/ ( 1+R~~)

If QA �QT F
, then go to ICHANGE1

(Preform iteration with current parameters)

If N S+1 , then compute RHO :=1.0/(1—SIGE 2 / 2 )
else compute RHO:=l . O/U—RHO • SIGE 2/ 4 )

Compute Cl:=RHO .GAMMA ,C 2 : RHO ,C3=l—RHO ,

u~
’
~~

1
~~=C 1 6(n)+C2 . u (t

~
)+C3 - (n—i)

Go to IENDITI 
- 

—

I
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J—SI (continued)

ICHANGET (Change parameters)
— (n+l) (ii) ~.(n)Compute u =u +0

I’f N 0 , then set ZM1:-=CME ,

else compute Z:= (l+R
!’) (QA +(QA 2_QT 2)½ ) / 2 ,

X :=Z 1”
~

SIG:=(X+R/X)/(i+R)

ZM1 : 4~ME+SME+SIG- (2—CME— SME) 
) / 2

T
If CASE= .TRUE. , then compute ZM2:=6~

’
~ *D*~~

(n+l) ,DELNRM

else compute ZM2:
+

*D*~~~~~~~/ DEL NRM

Set CME: tnax{ZM1 ,ZM2 }

If CASE = .F A L S E . ,  then set SME :=—CME

Compute SIGE:= (CME—SME)/(2—CME—SME)

G AMMA : = 2 /  ( 2 — C M E — S N E )
R:= (l_ (l_SIGE 2)½)/(l+(l+SIGE

2)½)

Set S:=N

D EL SRN : =DELNRM

RHO: =1

Print N ,ZM1 ,ZM2 ,CME

Compute U (f h)=GAMMA .6
( )

+u
( )

I E N b1~1 (End of iteration step)

Print N ,UNRM ~~,STEST ,QA ,QT F’
,CME ,RHO ,GAMMA

Set N:=N+l

Go to I STA~ I1

[EXIT~1 (Exit iteration algorithm)
T

Compute UNRM :=u~~~ *D*u~
’
~

Print N ,UNRM½

If LEVEL > 2 , pr Int

_
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II. CJ-CG: Compressed Conjugate Gradient Equations

(1) Residual Vector (non-recursive computation)

( (n) (n)
U

R 
= F R

uB + c R

(n) (n) (n)5
B = F

B
u
R 

+ c
B

u
B

(2) Acceleration Parameters

=

_ )
R 

— l n+l
F’
R
5
~~ 

+ (l-p
1
) 5 1

~~, n >0

dR (n) 5(n) T o 
, d~ (n) 5(n) 

T
o

Ii , n r - 0

I~ ‘/[‘ 
- (]./p ) (d

B(n) /dR
(n_ l))] , a > 0

= i/[i- (l/p
l
)(d

R
(n+l)/d (n))]

p 
~~~~~~~~~~~~~~~~~~~

= 

~~~~~~~~~~

(3) Iteration Vector

1co~~
0) 

~~~~~~ , n = 0
(n+2) )U
B - 

+ ~~~~ + (l_ ~)u~~~
2)
, ~ >0

(4) Residua l Vector (re’~ur3ive computation)

5(n+2) = ~ F ~~~~~~~ (1 )5 (fl)
B n-4-2 B R n+~ B



- fl.- - 
- -.r -_~ - - ~~~~~~~~~~ - fl - 4 ’ ”  - — ~~~~ - -------— - — -

CJ-CG (continued)

(5) Stopping Test

(a) Compute ME which is the largest eigenvalue of the synmietric nxn t n -
diagonal matrix (1 < i < n)

r 1/ 2 1/2
fP~~l \ _____

I_ ’Qi-l
p
iJ 

‘ , 

~
p
i
p
i+l

(b) STEST = [[2 / (1-~~)] [dB(n) / (uB(n) T*D* (n)
) 
~ 1/2

If STEST < 5, then exit.

Note: If ~~nev) 
- ~~old) 

j/~4new) < c, then an acceptable estimate

of M has been obtained and computation 5a is omitted.
E 

~~~~-- - - - -~~~~~~~~~~~~~~~— —
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~~Start~) input
(0)

L .

Compute Residual
Vector
(Non-recursively)

(1)
- 

- 

(n)~~~~~~~(n)
impute Accelena- U

R 
=FR 

U
B 

4c
R

tion Parameters
(2)

rcompute Itera- I
tion Vector (3) j 

(~E~~~t ~
)

Compute Resi~~~Ti
Vecto r (Recur-
sively)

-
_____ 

(4)

N :=N+ 1
~~~~~

4

Flow Chart 2: CJ-CG Method

_ _ _ _ _ _ _ _ _ _ _ _ _ _  ____ J
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C J — C G :  C o m p r e s s e d  J a c o b i  C o n j u g a t e  G r a d i e n t  A l g o r i t h m

Input u~
°
~ ,EPS I ,ZETA ,IT?,fAX,LEV E L

Set N :0

Compute CNRM :=k~
*DB*kB 

_____

If CNRM < EPSI , then go t0IEXITI

R~fJ If N >  ITMAX , th en go t0 IEXITI

If N < 4 , then go to IONEI

If  CME — CMOLDI/CME < E P S I , t h e n  go to f TW O l

(ONE{ (Determine new CME)

Set CMOLD:=CME

If N= 0, then set CME:=0

El se se t  C M E := m a x i m u m  e l g e n v alu e  of the  tn — d i a g o n a l  m a t r i x

{[(RH0 1_l)/(RH01RH01 1 )]
½ ,o, [(RHO j+1

_1)/(RHO1+1RH01)1
1 }

for 1~~~i~~ N

fr~ 1 (Test for stopping) T
C o m p u t e  U N R M : =  ~~

( N )  
~ D * U

(N )

DELNRM:=

If UNRM < C NRM , th en set IJNRM :=CNRM

C o m p u t e  S T E S T : = ( 2  ~ DEL N R M / U N R M Y~/ ( l - C M E 2 )

If STEST < ZETA , the n go t0IEXIT !

If N=O , then set RHON+l :=l

else compute RHO
N+l :=l/(

i_DELNRM/(DELSRM .RHO N
) )

Set Cl: RHON+i ,
Cl : l_RHO

N÷l
Compute: vR = ~~~~~~

6
(N÷l) C1

~
vR+C2

Compute DELSRM :

RHO N+2 : = 1 / ( 1_ D E L S R M / ( D E L N R M . RHO N+l
) )  

-- -- ~~~~~~~~~~~~~~ --~~~~~~~~~~~~~~~~~~ — —- ~~~~ -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -  - -
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CJ—CG ( c o n t i n u e d )

If N— 0 , then set RHOHAT:=1 ,

else compute RHOHAT:=l+RHO N+2 (l_RHO N+l ).(l_RHO N
) / R H O

N
Compute GAMMA : =RHON+2~ RHO

N+i 
/RHOHAT

Set Cl :=RH0HAT~ GAM MA ,C2~~~RHOHAT ,C3: l-RH0HAT

Co m p u t e  u ( 2 ) c i .~~
(N ) ÷c2 ( N ) ÷c3 (

~~
2)

(N+1)
Compute vB =F

B
S
R

Set Cl :=RHO N+2~ 
C2 :=l_RHO

N+2

Compute o (N+2) ci +c2 6(N)

Pr m t  N , UNRM 2, STEST , CME , RHO , GAMMA

Set  N = N+ 2

Go to ISTART I

(N )  (N )
EX I T~ Compute UR F~ u3 +C R

l J N R M : =u ~~~’ *D* u~~~
Print N ,UNRM 2

IF L E V E L  > 2 , then print ~
(N)
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III. RS-SI: Reduced System Semi-iterative Equations

(1) Adaptive Parameters

y = 2/(2_4), 0
E =

r = (1- [i-~~ I~~)/(1+[1-M~]~~)

(2) Acceleration Parameters

1/[i—a~ /2] , n = s+l

i/ [i_ ( a .E /2) 2p
fl

}, n > s+l

(3) Residual Vector

( (n) (n)
U
R 

= F R
u
B 

+ c
R

~(n) 
= F~u~~ + c

B 
-

(4) Iteration Vector

(s+i) 
— s

(s) (s)
U
B ~~B 

+ U
B

(n+l) (n) (n) (n-i)
U

B %+i 1’
~
’
~g + uB ~ + 

~~~ n+i~
’
~B 

, n ~ s+1

(5) Stopping Test

d
B (n) = 5(n) T (~)

1/2
STEST = [ ~r2 /(l_M~) j [d~ (n)/(u3(n)

T
*D~*u~ (n) j

If STEST < ~,, then exit.

- ~~~--—-~~~~~~ —--~~~~~~~~~~— - - - -- - -  - ~~~~~~~~~~~~~~~~~ ----~-.--_~~~~~~~~~~~~~~~ — - - - -~~~~~~~~~~-~~
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RS-SI (continued)

(6) Changing Parameters Test

QA = (d
B

(n)/ d
B

(s) ]~~
2

QT = 2r (5)/(i+r2(1~~5))

If QA ?QT
F , then change parameters.

(7) Computing new ME

Z (l+ r 
2
~~~~~)(QA + [QA

2
-QT

2
]~~

2
)/2

~l/(2(n-s))

a. (X+r fX )/ ( l+r )

IME, i f n = 0

M = <I 
, otherwise

5(n) - F *5~~
)

R R B

d
R
(n) = 5

(n)T 

~

M2 = [dR(n) /dB(n)J
h12

M
E 

max(M
E,
Ml,M23

I

— -_--=-—-- -—----=——-—-- —— - —-~-— - — -— - - a-.--- ~~~~~~~~~ - — - -~~~ -~~~~~~~~ - - - --



43

(Sta)~~~~~
In~ut

I — - — - — -  - - — -_ - — — —  (n)
II, U

B

:= o j 
ME, F ,e,~

S

;f=

0

Compute Residu~i]
Vector (3)

<
/StoPPinS\

~~~~~~~~~~~~~~~~~~~~~~~~~~(
Exitj

—i----
-

________ ________ 

ICo
mPute New~

Compute Accelera-
tion Parameters 

Compute(2) 

IE,
AdaPtive

________ ________ 
araxneters(l

Compute Iterative
Vector (4)

_ _ _ _ _  _ _ _ _ _  

S :=N~~

Flow Chart 3: RS-SI Method
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RS— SI: Reduced System Semi—iteration Algorithms

Input u~
0
~~,CME ,F,EPS I ,ZETA ,I’FMAX

Set N:=0 ,S:=O

Compute CNRM:=k
~
*DB*kB

If  CNRM < EP SI , then go t0 IEXIT I

I STAR
~1 IF N > ITMAX , go to IEXIT~( N )  ( N )

Compute U
R 

F
R*
u
B 

+c
R

+ C
B 

- 
( N )

(Test for stopping) 
T

Compute UNRM:=u~~~ *DB*u
(
~~

H DELNRM:= *DB*~~~~

If UNRM < CNR M , th en set UNRM:=CNRM

Compute STEST:=(2 .DELNRM/UNRM)~~/(l—CME
2
)

If  STEST < Z E T A , then go to IEXITI

(Test for changing parameters)

If  N 0 , then go t0ICHANGE I
Compute QA :=(DELNRM/DELSRM )½ , P:=N-S ,

QT :=2 .R~ / ( 1+R 2
~~)

If  QA~~ QT F, then go tofI~~IAN GEJ

(Perform iteration with current parameters)

If  P i , then compute RHO :ri/(l— SIGE 2/2),

else compute RHO:=l/(l—RH0~ SIGE 2 / 4 )

Set Cl :=RHO~ GAMMA ,C2 :RH0 ,C3:=l-RHO

Compute u + Cl . +C2.u~~~~+C3 u~
t
~~fl

Go t 0 I E N D I T I  

- -—
~~ --— --

~~~ - — ~~~~~~~~~~~ ~~ - --~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



- ~~~~~- - - - - - -—-

4r ~
RS—SI (cont inued)

1CHANGEI (Change parameters)

If  N~ 0, then Set ZM1:=CME ,
else compute Z:= (l+R 21’) ( Q A + ( Q A 2_QT 2)½),2

ZM1 := (X+R/x)/(l-~-R)

v :~~F*~~~~~

1M2:= (V
~ *DR*VR/D E LNRM) ½

C o m p u t e  CME:’max{ZM1 ,ZM2}

Compute SIGE:=CME
2/(2—CME

2)

GAMMA:=2/(2-CME
2
)

Set S :=N

DEL SRM: ’DELNRM

RHO :=l

Print N,ZM 1 ,ZM2 ,CME

Compute u(~~~
1 GAMMA ( N )

+~~
(N )

1ENDI
~~ 

Print N,UNRM I,STEST ,QA ,QT
F
,CM E ,RHO ,GAMMA

Set N : N+l

GO to ISTART !

IEXI~ 
Compute u

~~~~
:=F*u

~~~
)
+cR

(N)T (N)UNRM:= u R *D * UR
P R I N T  N ,UNRM ½

If LEVEL > 2 , print ~~~~

~~N D I

- - - -  - --— ---------
~~.--~~~~.-- —— -— --- - —--—— -—-_ --—------- - — - — -----—----~-- —.~~----------— ~~—- —---~~--~- - - - -~----
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IV. RS-CG: Reduced System Conjugate Gradient Equations

(1) Residual Vector (non-recursive computation)

= F~*u~~ + C
R

5(n) 
= F

8*
u~~
) 

+ C
8 

- 
n)

(2) Acceleration Parameters

Iv F
J R  R B

lv  = F ~~VB B R

(ii) = 5(n) 
T (n)

= l/ [ i
~
(5
~~~~

*D
B
*v
B

)/ d
B

(n) ]

1 , n = 0

y

~~~~~~i/ [i~(_~~~~) 
(dB

(n) / d
B
(n_l))] , n >0

(3) Iteration Vector

~1
5B + =

(n+1)u
8 = 

%+i n+1~~
’
~ 

+ + (l-p~~1
)u~~~~~, n >0

(4) Residual Vector (recursive computation)

IYI VB + (1-y 1
)5~

0
~ , n = 0

)
B 

- 

1~~
1 ( Y n h l

v
B 

I (1-y
1
)h~

’
~~) I (1_~~~~)5

(n_ i) ,

___ _ __L ___ _ __ ___ _ - -— --_-—------- --- - - - ---_--- - --
~~~~--- ------ .-- ~~~~~~~~~~~~~~~~~~~~~~ — - ~~~~~~~~~~~~~~~~~~~ .4
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RS-CG (continued)

(5) Stopping Test

(a) Compute ME which is the square root of the largest eigenvalue

of the symmetric nxn tridiagonal matrix (s+l < i < n)

r 1/2I I ~i~
1 \ ( 1.\  (__ ~i+l

1

~~~~~~~~~~ 
~l 

- 

~

(b) STEST =

If STEST < p, then exit.

Note: If ~~~~~ - M~
0ld) 

11~~
(new) 

< c, then an acceptable estimate

of ME is available and computation 5a is omitted.

____________________________ j
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( 
Start) 

_________

I I Input
- j ~~~~

N:=O L~~
’ 

~

Compute Residual I
Vector
(Non- recursively)

(9

(n) (n) 

-—

Compute Accelera- U
R 

= F
R*
U
B 

+C

tion Parameters
(2)

‘-LI

— 

I

Compute Iterati~~~ (Exit ~\)
Vector 

_______

(3)

~ompute Residual

~/ector (Recursive-
ly) (4)

‘I?
N :=N-4- l~

Flow Chart 4: RS-CG Method

~

..
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RS—CG: Reduced System Conjugate Gradient Algorithm

Input U~
0
~~,EP S I ,ZETA ,ITMAX ,LEVEL

Set N:~~0

Compute CNRM:=k~ *D*k8 
_____

i f CN RM < E P S I , then go t0tEX1T1

~STAR11 If N >  ITMAX , then go t0FEXIT I

If N < 4 , then go to !ONE1

If I CME-CMOLDI/CME < EPSI , then go to [~~ O1

lONE J (Determine new CME)

Set CMOLD :=CME

If N=O , then set CME:=0

e l s e  set  CME~ square root of the maximum eigenvaiue of the

tridiagona l matrix

{[(RHO
1
_l)/(GAMMA

~ ... i
.RHO i..i

.GAMMA
i

RHO i) 
½ ,(l_1/GAMMA

1
) ,

(RHo 1+l
_l)/(GAMMA

i
.RHO

i
.GANMA

i+l
.RHO

~+l)1
½}

ITW~J (Test for stopping)

Compute UNRM:.u~~~~~*D*u~~~

DELNRM:=~~~~ *D*~~
t
~

If UNRM < CNRM , then set IJNRM:=CNRM

Compute STEST:=(2-DELNRM/UNRMY~/(l—CME
2
)

If STEST < ZETA , then go to EXIT

Compute: v
B
=F

B
F
R~~B T

GAMMA
N÷l :~~

l/(i_
~~~~ 

*D*v,~E LNRM )

If N=0 , th en RHO 1:=0

else compute RHON+l :~~
l/(l_ GAMMA N+ l D E L N R M / ( G A M M A

N
DELSRM .RHO

N
) )

Set DELSRM:_DELNNM ,Cl :=RHO N+l .GAMMAN÷l,C2:1~RHO N÷l,C3 :..l_RHO N+l I

C4 : =RHO N+l 
(l_ GAMMA N+l )

_ _ _ _ _ _ _ _  ____ J
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RS—CC (continued) 50

Compute: u +1)
=Cl*~~~~

)
+C2*u )

+c3*u~~~~~

b
(N + l)

Cl*~ +C4*~~
(N)

+c3*~~
(N_l) 

- 

-

Print N ,UNRM ½ ,STEST ,CME ,RHON + l , GAMMA N+l . 
-

Set N=N+l

Go to I START I

[EXIT1 Compute u
~~~ F*

u
~~

’)
±C

R

UNRM :=u~~~ *D*u
(N)

Print N ,UNRM 1

If LEVEL>2 , then print

lEND I

-- —~~~~--- — -
~~~~~ ----  -~~~~~~-- --- --~~~ - - -- -~~~~~~~~~~-~~~~~~~~~ - --~~~~~~ -- - - -- -
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V. SSOR-SI: Symmetric Successive Overrelaxation Semi-iterative Equations

(I) Adaptive Parameters

SPECR = S(~~), y = 2/(2-SPECR), 
~E 

= SPECR/(2-SPECR)

— r = (1 - ti-SPECR
2)1~

2
)/[i + [l_5PECR 2]1./2)

(2) Acceleration Parameters

1’-”~- - a~~~/2J , n = s+l

n-’-l 2
~ 
l/[l-(c~/2) p i , n > s+l

(3) Difference Vectors and Residual Vector

= ~~~
(n) 

+

5(n) 
= c U V  + - 

(n)

(4) Iteration Vector

(n+l) (n) (n) (n— i)
Ii = 

~n+l~
’
~ 

+ u ) + (1 -

(5) Stopping Test

d (n) = A(n) T o

STEST = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

If STEST < ~, then exit.  

-
~~~~~~~~~~

- - - - ---—-~~~~ --=- — ---- ~~~~~~ 
j
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SSOR-SI (continued~

-: 

- 

(6) Changing Parameter Test

QA = [d(n)/d(s)]~~
2

QT = 2r~~~
5 2

/(l+r~~~
5)
)

If QA � QTF, then change parameters .

(7) Computing new S’ and M
E

Z = (l~r~~~~~)(QA ± [QA2
~QT 2J h/2 ) f2

= ~l/ ( n- s)

a. = (X+ r/X)/(l+r)

1S~
CR , if n = O

S
1 

L[SPECR + a.(2-SPECR)}/2, otherwise

~(n+l) = + ~(n)

~(n+l) = ~~‘-~
(n+l) 

+ - ~(n+l)

S
2 

=

S’ — inax(SPECR,S1,
S
2
)

M
1 

= [ (1-s’ )( 1 2) -

T
v = 8*5(n) , d (n) = 5(n) ~~~5

(n)

T

[ (5(n) *j~*v)/ d (n) , if case I

M
2 (vT*D*v)/d(n~~/2 , if case I

M
E 

= max (ME , M i, M 2)
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SSOR-SI (continued)

(8) Computation of ~

= max (W~~ JE~~ 1~~ + + 
~~~~~~~~~~~~~~~~~~

(9) Computation of u~, SPECR = S(~~)

If M
E 

< 4~, then

w = 2/fl + [1_a1
E +4

~ J 1”2 )

SPECR = 

~~~~~~~~ 
/(2-aii~)

else

w 2/f]. + [~.4~ }l/2)

SPECR =~~~- 1

(10) Computing ~*

= 2/fl + [l~4~~]
1/2 )

(11) Selecting a~* Test

log(c~(~*_l))If log(~ (SPECR) ) > F, then new w set to w *.

(Note: ‘~‘(x) = ii - f1_xJ hJ2),(]. + f 1_ x J uI’2 ;.)

(12) Computation of u , SPECR = S (s ),  M
E

w = w*, SPECR = u_ l , ME
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(START ‘\
______J Input

4 — — — - — —  — — —

N:=O 
ME,F,~

S : =0
c~: =ct1

‘I-
Compute ~

(8) 
-

Compute w, S(c~~)

(9)

ompute DifferencE ’

Residual VectorE
Non—recursively)

(3)

/~topping
Test

kompute Accelera-
tion Parameters

( )

Compute Iteration
Vector

[~~~~
=N+l

1 - 
-

Flow Chart Sa: SSOR—SI Method

—- — - - - -------- - - - - -- ----.

~

- -- -

--~
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yes 

~ 
1/4>

jno

Compute w~
(10)

-II ,

/Seiecting\ yes

\ (iij_ J
i ~,ompute üj,S(~ ) , &
J, flO and ME (12) ~

~~~~~ging Para\ ~~s
meters Test L a~~~ 2

~~~mpute New S’,M~

impute Neww,S(&

1 (~~~ ) 
-

Compute Adaptive
Parameters

~~~~~
‘I,

~ompute Differenc
& Res idual Vecto r
(Non—recursively)

(3)

Flow Chart 5b: SSOR—SI Method

~~~~~~~~~~~~ _________
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SSOR— SI: Symmetric S u c c e s s i v e  O v e r r e l a x a t i o n  S e m i — i t e r a t i v e  A l g o r i t h m

Input U 00~~,CME ,ZETA ,F ,CA SE ,ITMAX ,L E V E L ,EPSI
Se t N : O ,S:~~O ,OMEGCHG : .TRUE.

Compute BETA :=rnax{W~~ [E~ _ 1 ~+N f_ 1 j]+ s1~[Ej 1...1+N i~~~i]}
If CME~~~4-BETA , then compute

OMEGA:=2/(l+(l_2 CME+4.BETA)½)

SPECR:=(2_2 .OMEGA+CME .OMEGA)/(2_CNE*OMEGA)

else compute

OMEGA :=2/(1+(l_4.BETA)½)

SPECR:=OMEGA-l

CME:=2 BETA½

OMEGCHG:= .FALSE.

P r i n t  N ,CME ,OMEGA ,SPECR

Compute CNRM :=kT*D*k

If CNRM < EPSI , then go to (~~~~ J

~START ~ If N > ITMAX , then go to ~~~TI(N)
Copy u into v.

Compute v =
~~~*

v + k
~

~ (N)  (N)

v ..q1 *v +

~ (N)  
~~v—u~~~

(Test for stopping)

C o m p u t e  U N R M : = u ~~~~~ *D* u~~~
If UNRM < CNRM , then set UNRM:=CNRM

Compute DELNRM:=A~~~~*D*t~~~

STEST:= [((2.~OMEGA)/0MEGA) (DELNRM/UNRM)/(l_CME)
½ /(l_SPECR))]

If STEST < ZETA , then go t0IEXIT1

If N= 0, then go toICHANGEI

If OMECHG— .FALSE. , then go t0 ITHREE1

IF BETA~~~l / 4 , the n go t0 LONEI

- - - ---

~

-—--- - --- -“
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Compute OMEGAS : =2/ (l+(1—4 . BETA)½)

TEMPl :=log(I~(0MEGAS—l ))

TEMP2 : lo g(~~( SP E C R ) )

w h e r e

If TEMP 1/T EMP2 < F , then  go to IONEI

Set OMEGA:-OMEGAS

SPECR: =OMEGAS— l

OMECHG : ~ .FALSE -
CME : =2- BETA½

S :

Print N ,CME I SPECR ,OMEGA
Go t o I T W O l

I O N E I  (Tes t  for changing parameters)

Compute QA:= (DELNRMIDELSRM) 2, P:=N-S

QT :=2.R~~
’2/ ( 1+R 1’)

If QA � QT F, thai go t0ICHANGE1

else go t o [ T H R E E 1

( CH AN GE ~ (C h a n g e  p a r a m e t e r s)

If N=O , then set SIG1:=SPECR

Compute Z:=(l+R~
’) ( Q A + ( Q A 2_QT 2)½ ) / 2

X : — Z ~~~~
SIGE1: = ( X + R / X ) /  ( l+R)

SIG1:— (SPECR+SIGEI (2—SPECR))/2

Compute SIG2 := *D*~~~~~~~/ D E L N R M

Set  S M E =m a x {SI G 1 , SI G2 , S P E C R }

( D e t e r m i n e  new CME ,OMEGA ,S P E C R )

Compute ZMl:=((l-SME)(l+BETA-OMEGA 2)-0MEGA(2—0MEGA))/(OMEGA(OMEGA-l-SME~

C o m p u t e  V B *6~ ’~ T T 
—

If CASE — . T R U E . ,  then compute ZM2:= (6~~~ *D*v ) / ( ~~~~ *D*~~
(n)
)

e l se  c o m p u t e  ZM2:_ [( v T *D*v ) / ~ *D*~~~~~ )] ½
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C o m p u t e  C M E : = m a x {C M E , ZM 1 , Z M 2 )

Set S :=N
If CME ~I 4BETA , then compute

OMEGA :=2/(l+(l_2CME+4BETA)½

SPECR:=(2-2-OMEGA+CME - OMEGA)/(2-CME+OMEGA )

else compute

OMEGA :=2/(l+(l—4BETA)1)

SPECR: =OMEGA— l

CME:=2 .BETA½

OMEGCHG:= .FALS E.

Print N ,CME ,OMEGA ,SPECR

ETWO! Compute R :=(l_ (l_SPECRy~)/(l+ (l_SPECR)
½)

SIGE:= SPECR/ (2—SPECR)

GAMMA :=2/ (2—SPECR)

RHO :=l

(Special procedure to recompute ~~~~ and since OMEGA has

been changed)

(n)Copy u into v

Compute v
~~~~~

v + k
~~~

~(n) -~v—u
0
~~
T

DELSRM : ~ (n) *D*A~~~
v = ~g~v + k~~~

~(n) =~~~~—~~~~~
“

~~

~
(n+l) = GAMMA .I$(n) +u (n)

Go to (~~~~IT(

I T H R E E I  ( O M E GA h as n o t  bee n c h a n g e d )

If N—S+l , the n compute RHO:=l/(1-SIGE
2/ 2 )

e l se  c o m p u t e  R H O : 1 / ( l — ~~HO SIGE 2 / 4 )

Set Ci : GAMMA - RH O , c 2 : = R H O , C3 := 1- R H O

Compute 
( N + l )

ci ~~~~~~~~~~~~~~~~~~~~~~~~

~ 

~~~~~~~~~~~~~~~~~~~~~~~~ j4
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IENDIT I P r i n t  N ,UN RM ½ , STEST ,QA ,QT~
’, CME ,RH0 , GAMMA

Set N : — N + l

Go t 0 I S T A R T I

L E X I T I  Compu te  UNR M u~~~~~ *D*u~~~
P r i n t  N ,UNRM ½

If LEVEL > 2, print ~
(N)

~ 
EN DJ

_ _ _  ~~~~- -
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VI SSOR-CG: Symmetric Successive Overrelaxation Conjugate Gradient Equations

(I) Difference Vector and Residual Vec tor (non- recursive computation) -

v = Cu °~~ + -

5
(n) 

= ~~~~~~~~ 
+ - 

(n)

(2) Acceleration Parameters

= 5(n) - ~~ 5(
~
) 

- -W

d (n) = ~~
n) 
T

o

~n+l 
= d (n) On)

Ii , n = s+l

= 

~~~~ 
i/[i - 

(~~~± i)  (d(n) /d(n~ 1) )] , n > s+i 

—

(3) Iteration Vector

+ u0
~~ , n = s+ i.

(n-i-i) 
—

+ u~~~) + ~~~~~~~~~~~~~ > s+1



- _ _
~~~~

_ i__ -~~= ----—-- -—-—-.-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _______________________________ 

----— -~~

SSOR- CG (continued)

(4) Difference Vector and Residual Vector (recursive computation)

( (n)I A  - y  V , n = s + 1n+ 1
A(n

~~
) 

=

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
+ (l-p

1
)A~~~~~, n > s+l

= ~(n) 
- (~~~ 5~~) )

~~~~~~~~~~~~~ (=
(A)

(n)
I ~

‘
~+1~ 

~ 
~~~~~~~~~ 

i-i = s+l

5(n+l) 
=

(n) (n- i)
p

1
(y

1
v + 01’

~n+i~
5 ~ + (‘-

~~~ +1)
~ 

, ii > s-f l

(5) Stopping Test

T
d (n) = ~~

n) 
*D*A0

~
1/2 T 1/2

STEST = [(2-a~) f ( a (1-M~~~ 1-SPECR)~~) 1  (d (n) / (u 0’
~ *D*u~’~ )J

If STEST < ~, then exit.

(6) changing Parameter Test

= -log [G(SPECR)/~’(SPECR/S’)1

= -1og [~ (S’)]

If (
~ 1~

?
~2

) < F, then change parameters .

—- —-- —--
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(7a) Computation of S’

Compute S’ which is the largest eigenvalue of the syunuetric n x n  t n -

diagonal matrix (s÷l < i < n)

1/2 1/2

(1~~ 

~
) 
~~~~~ I

( 7b) Compute new ME
= [(l~S~)(i÷~~2) - ~(2-w)]/[w(~-l-S’)]

v = B*5 
(n)

, dOn) = 

T (n)

I (5~~~~*~~~)/ d ( ) if case I
H

2 - 

T 1/2
[ L 0’-’ *D*v)/d(n)1 , if case II

ME = max(M
E,
Nl,M2

)

( 8 )- ( 12 )  Same as SSOR-SI



- -- - - —--- - ___ -____-,--,v_-. - ---— - - - 
~~~~~~~~~~-—-— -

63

d

l;i

T} 
M~~

’F,~

a: =a1

ICompute T]
I ,~~

-

~~~

Compute w, S(~~)

(9)

Compute Diff en—
ence & Residual
Vector (Non—
recursively) (1)

Stopping
Test
5

Computer Acceler
tion Parameters

Computer Itera-
tion Vector
— -T
Compute Differenci
& Residual Vecton
(Recursively)

(4 )

Flow Chart 6a: SSOR—CG Method
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:

Com~ute w~
(.l )

electing
w~ Test

Coinputc ’ I,),
no S(

~w
),i i

E
(l2)

S(& ) >S-’ yes
(A)

a 2
no

Changing
Parameter

no ~Compute new ME
a (7b)
2

Coiimute new, W .
S~~~)

LN;S 1
Compute Differ-
ence & Residual
Vectors (Non—
recursively) (1) - 

- -

Flow Chart 6b: SSOR—CG Method

- -  ~~~~~~~ - -  
-- -- ___ ,__ _ _
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SSOR—CG: Sy m m e t r i c  Succes s ive  O v e r r e l a x a t i o n

Conjugate Gradient Algorithm

Input u~
0
~~,CME , F,ZETA ,CASE ,ITMAX ,L E V E T~ EPSI

Set N : =0 , S : = 0 , O M E G C H G : = .T R U E .

C o m p u t e  B E T A : = r n a x { W i j  [E j _ 1~~+N i ~
] +s 1~ [Ej~ _1+N 11_1]}

If CME~~ 4 BETA , then compute

OMEGA:=2/ (l+(l-2• CME+4.BETA)½)

SPECR:=(2-2-OMEGA+CME -- OMEGA)/(2—CME-OMEGA)

else compute

OMEGA~~~2/(l+(1 4BETA) 2)

SPECR: =OMEGA-l

CHE : =2 - BETA½

OMEGCHG : = . FALSE -

P r i n t  N ,CME ,OMEGA ,SPEC R
Compute CNRM:=kT*D*k

If CNRM < EPSI , then go to ~~i~IT)(0)Copy u i n t o  v.

Compute v =

=

v =

~(0) 
= ~~~~~~~

[START I 
_____

If N > ITMAX , then go t0IEXITI

(Test for stopping)

T
Compute UNRM:=u 0’

~ *D*u~~~
If UNRM < CNRM , then set UNRM:=CNRM

C o m p u t e  D E L N R M : = A (’~~*D*A (’
~

STEST :=[ (2_OMEGA)/(OMEGA)(DELNRM/UNRM)/(l_CME )]
½ /(l_SPECR) 

—

-44
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If STEST < ZETA , then go to IEXITI

If  OMEGCHG = .F A L S 1 . .,  then go to ITHREE1

I If N 0 , the n go to ITHREE I

Else set SME:=maximum eigenvalue of the tn —diagonal matrix

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
2 [l_l/Y ~~]

( p i÷l
_ l ) / ( y i+l p i+l y I p l ) 1 ½ } , f o r  s + 1 ~ i � N

- If BE TA~~ l / 4 , then go to l O N E l

Compute OMEGAS:—2/(l+ (l—4-BETA) 2)

TEMP1 : = l o g (~~( O M E G A S— l )

T E M P 2 : 1og (~’(SPECR))

- wher e ~(X) = (l_ (l_X) ½ )/(l+(l_X)½)

-I I f  TEMP1 / TEM P 2~~~F , then  go to L ONE !
- 

Set OMEGA:=OMEGAS

- 
SPECR:=OMEGAS—l

- OMEGCHG:= .FALSE.
- C M E : = 2 . B E T A ½

- S:=N

- Print N,CME ,SPE CR ,OME GA

- Go to [~~~~

- (Test for changing parameters)

If SPEC R > SME , then go to FfHREEI

Compute

X
l 

= -log 

( ~~- 
~SME I

X 2 — —log (~~( S M E ) )

If A 1/X 2~~ F, 
then go t0ITHREEI 

—---.—--—~~~~—----- - —-- ---- - -- — A
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(D e t e r m i n e  new CME ,OMEGA , SPECR)

C o m p u t e  Z M 1 := ( ( l - SN E ) ( l + B E T A -- OMEG A 2 ) - O M E G A - ( 2 - O M E G A ) )

/ (OMEGA(OMEGA-l—SME))
(n )C o m p u t e  v B*6 T

If CASE= .TRUE., then compute ZM2 (S~~
’
~ *D*V)/(S~~~ *D*~~~~~)

else compute ZM2=[(VT*D*v ) /~~~~~~~*D*~~~~~)]½
C o m p u t e  CME :=m ax {CME , ZM 1 , ZM2 }

— Set S : — N

If CME < 4-BETA , then compute

OMEGA :=2.,U+(l_2.CME+4.BETA)½)

S P E C R : = ( 2 - 2 - - OMEGA+CME - O M E G A ) / ( 2 - C M E - OMEGA )

e lse  c o m p u t e
O}IEGA:=2./(l.+(l._4.BETA)½)

SPECR: =OMEGA—l

CME: 2.BETA½

CMEGCHG:= . FALSE.

Print N,CME ,OMEGA ,SPEC R

tTW OI

(Special procedure to recompute and since OMEGA has been

ch anged)

Copy u 0
~~ into v

Compute v =

~~(n)  
=

V = ~L v + k ~~~(A) U)

6
( n )  

=

T
DELNRM = ~ (n) *D*A~~~

ITHR~~
Copy into v

C o m p u t e  V =

V = Is-v T
= DELNRM/(L~~

’
~ *D*v)

I f N = S , t hen

else  c o m p u t e

~N+1 
:-~l/ (l_y N÷1DELN RM/ (Y NPNDEL SN M ) )

— --_p___~~~ - - - -  —- S _ _ _ _ _ _ _ _ _  
-.---~~~~~~~~ -- ~~~~~~~~ -- -- -
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S et  D E L S N M : — D E L N R M ,

Cl:=Q N+1YN+I , C2. ~N+ 1’ C3 :=l_ P N+l. C4 :=P N+ l (l_Y N+l )

Comp u t e  u Cl* +C2 * u ) +C 3*u U

V~~~~j V (~~~~~~~ ô 
( f l)

)

Print N ,UNRM ½ ,STEST ,CME ,OME GA ,SPECR ,SNE ,p
N+l,YN+l

- Set N : = N + l
Go to ISTARTI

- JEXIT J Compute UNRM=U~~~~~*D*U~~~
Print n ,UNRM ½

- If LEVEL > 2 , print u 0
~~

- 
IENDI

. 

- -
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Appendix 2

Sample Problem

The current ITPACK routines can best be explained by looking

a t  t h e  code f o r  a sample  p r o b l e m .  In this appendix , the initial

subroutines needed to define Problem ( 1) w i t h  R e g i o n  ( 1) a r e  g i v e n

for the Compressed Jacobi Conjugate Gradient Method. 

- -  - A
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BEST AVAILABLE OPY
-i M p) .)pp EFf- F~ ~

)
~~~~P

S S A ~-~ 4 M M  p p L I- P
S A (~ M . i ’I j~ 0 p

M M M i-~P~-’P I

~-‘ - \ A A A A  V M p 1- ~
S -. A~ 4 •~~ M P I~

~ A V p-~ LLLLL E F E ~~ P

) - ~.44: .14 ?~ J ‘4 7 7

* 

P,~Q - ~~ ’~ C ICC’T - I ( INPu T ,Ot JTP IJT )

r,RIfl~~( ? 1 ) . ( R 1 r ) Y ( ? 1 ) . C O ~~F ( 4 ~.l , 4 ) ,wou .~K M5?3) ,( iNI( f~J~~N(4 4 1)
‘ A t  ~ V A L I r  (- + )

I ~~~~~~~ C, TYPF (? 1  ~?1 ) ,N X F I ) (4 4 1  ) •I~- V ’ ~~~X (44 1)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C OMMON w~~q.y-,P

C *~~~ I-~~G~~N: Ct) M~~QN OECI( - IT PA CP (
CO MM ON / T T P ~~CP( / N PTS,NPr) PTS.Npp( PT S ,N~~)Pp1,

~~~Jc , SM U F ./ F TA . ~~P S! . F ,(A ~~MA . IO , S T G ~~,p H~~I T . C A ~~F T , C ~1~~”4( E,
c PP.f l ELNNM,DELSNM ,U f l NM , T F sT ] ,Q ’~,o T ,
0
E
F O C,4,~~PFCT , P F T A p 4 P , O - 1~~C,cH~

L O G I C A L  H A L T .C ~~s~~J ,C I-iANc ,E,OM~~c,CHr,
C *~~~* ENI) : COMMON DECK — I T P A C K

C ~~~ ~~ G I N :  COMMON DECK — FLLPAC K
COMMON / ~ NO~~V / IPI~~CF,NPOUNO,NRNDPT
C O M M ON / CONSTS / ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~A CO RNEP, IMT FP
COMMON / CONT PL / DEiUG.LEVFL
COMMON / CP DF / C IJ X X , C U X Y , C U Y Y ,C UX ,C U Y ,C t J
COMMON / ~ QFO~~M / W UM —~FO,N 1IMCOE
COMMON / EQNI)EX / NQ OW ,NCO L
COMMON / PPOF~ / DIM? , N M 3 - ,P O ISO N , LA P LA C ,C O N 4S T C ,S E L F A D ,C P O S S T .
4 DIPTCH ,NFIl MAN ,MIXED ,AX ,BX ,A~’,~~Y,AZ,BZ,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C FLL P77 ,RFCTAN
I TE G ER HOf ~Z ,V E u ?T , POT H ,C O R N F R ,

- PT E C E ,~~PTYPE, R~~FIGH.BG~~InL O G I C A L  01M? ,01M 3 ,POISO N, LAPLAC ,CO NSTC ,S E L FA D .C P O S S T , D I P TC H ,
A

PT j A Y
,
~~x ,4 Y ,~3 Y ,A ? , i -~L , HX ,HY , I .4? .C UXX ,C I) ) (Y .Ct )YY .C l )X ,CUY .C U .

A XR O ( J ND eY RO UN DeBPA PA M
C ~~~ END : COMMON DECK - F LL PA CK
C

P E A f l ( I Q flQ~~7 O )  I C A S F S
DO f~O I- IK LM 1 , I C A S F S

C

C *0* * ** * * * ** * * *0 0 0* * ** * ** ** * * * * *0 0 0* * ** ** * **0 0 0 0** *** * * * *4 * * **  0* *
C INTEP FACE ) : IN ITIAL SITUA TION
C * * * * * * * * * * * * * * * * * 0 * * * * * 0 0 * -I, ~:- 0 0 * 0 * * 0 0 * * 0 * * * 0 * * * * * * * * * * * * * * * * ~ * * *
C

- -- —* - —- - — - — - — - - 4
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UEHUC~ .T ~~UE.

BEST AVAILABLE COPY
~j &RflY D 2 1
A X N C O E  = 4

= 441
IT M A X = 500
/ E T A  = .000 001
F~~SI  .0 0000 1

= 0.0
CA S E !  .F AI . SF .

= 7L

C DEFINE PROkLE. M ON OUTPUT FILE

*~~I TF(IPTP.-~O)
w~- U T E ( I P T P , c l 0 )  F , C M U E , Z F T A , F P S I

C ********** * **** ****** * * * * * *** * * * * * * * *s - * ** ** * * *** * *** **I :
C INTERFACE ?: O ° M A I N  P R O C F S S I N G
C * * * * * * * * * * * * * * * 0 * *0 * * 0*0 * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 0* * * * * * * *

C
CALL REGION (GTYPE .GPID~~,NGPDXO,GRIDY,NGkDYD)

C
C
C INTEPFACE 3: EOUATION GENERAT ION

C

C’~LL FIVEPT ( G T Y F ~E,G R IOX ,NG POXD ,G P IDY ,NG RDYD ,C O F F, MX NCOE ,
A

C
C
C THTE RFACE 4~ EQUAT IO N INDEX ING
C * * * ** * *** **0 0 0 0* * ***** * ** ***0* * ** * * *** ** ** * * *** * * ***  0 0 0* * * * *** *

CA LL RB(’ ( NOXEQ , MX NEO , INV ~If) x~)
C

C ** * * * * *  **** * * *0 0 0*0 0 0* * * * * * * * * * * * * * * *** * * * * * * * *** * *0 0 0 0* * * * * * * *

C INTERFACE 5~ EOUA TTON ‘iOLUT I ON
* * 0* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 0 * * * * * * 0 * * * * * * * * * * * * * * * * * * * * * *

A-

C~~LL INTU NK ( G T Y . -~F.GPIDX ,NG PrUD,C,PIDY ,NG PDYD,MXN~~Q,
:1

C~ LL C,,CC,(GTYPE,GPI1)~~,NGRDXO,(,~~Ir)y .NGPDyD.COEF,MxNCOE ,
M X N F Q ,

A N DX F Q e EI Nt<NWN)
C
C *0000********0000************00000***** *****************000 ****

C 1- -’TFPF ~CE f :  ~UT PtJT
* * * ** * * * * * * * * * * * *  * * *0 0*0*0*0*0*0* 0* * *0*0 0*  * * * * * * * * * * * *0*  * *** ***

C
1)0 50 I - i 1.N (,RPTS
IX = MOD (IJ—1 ,NC ,R !DX ) • I
JY (IJ_ I X) /NC,PIDX + I
GO TO (1 0.20+30) GTYP~~(I X.JY)

1 0 CONTINUE
WO RKSP (T ~I )  T R U E (GR Ir)X (IX ) ,G~~!O~~(J Y)
r,r) 10 40

_ _ _ _ _ _ _ _ _
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20 CONTINUE
C-~LL BCOND (IDI IMMY,GPIDX (IX ),C,R IDY (JY ),RVALUS )
WOPKSP (TJ ) = RVALUS (4)/~~V A Lti S (1 )
GO TO 40

30 C O N T I N U E
WO P) c S P ( T . I )  = 0.0

40 CONTINUE
UOPKSP (TJ+N~ RPTS) = WO Pk~S P( IJ )  — ‘JNKNWN (IJ )

~0 CONTINUE
TRUNOR’-i UTDV (GTYPE,NGRDXD.NGRDYD,COFF,~1XNC OF,MXNEO.NDXEO ,

A WORP (SP (1),WOPKSP(1),1,NC,QPTS)
ERPNOR -’ UTDV (GTYPE,NGRD ~ fl,NGRDYD,COEF,MXNCOE ,M XNEQ,NDXFQ.

A wOPKSP (1.NGRPTS).WOPu (SP (1+NG~ PT S),I,NGP~~TS)
TRUNORM = SQPT (TPUNORM )

~PRN OR~-1 SQkT (EPPNOQM)
WRIT F(JPTP ,100 ) TPUNOPM.FRPNOR’l
CA LL V0kJT (GRIDX ,NGROXD,C,RIPY.NGRDYD,~~OPKSP (1),NGPPTS )I~’0 c~~IrINuF

70 FO PMAT (15

~o FOPM AT(p~41,////3ox,*THF METHOD I~IG USED: C JCG* ,/ 3 0X ,
A *THE OPOEPINc, REIN G USED: PED_HL ACK* ,

/lflX ,*CASE II OF THE ADA PTIVE P~ ()CED Ii0E* ,,/3OX,
C *~ flUNDA~~Y VA l UES APE SET To: 0.0*./30X,
0 *I~,ITI A L SOLUTION IS: 0 .0* ./ 3 0 X.,
E *T F S T PPO~ LEM NO . 2*)

- 

- P0 F O P A 4 T ( / / / 3 0 X . * S T A R T TNG IT E R A T IV F  PAR AM ET E R S A~~F:* ,/3 5X ,
A OF =* ,3 X , F 1 5 . M , / 35X . *CMUE = *,

F I 6 . R , / 3 5 X . * ? E T A  =* .F15. R ,/ 3 5 X . * E PS I * ,F1c. p )

100 F O R M AT ( I H I , / / 3 0 X , *D TO 1/2 N O W M  OF TRU E SOl UTION =0 .E15.’~./ 30 X .
A *fl 10 1/ 2  N O R M  OF THF ERROR * ,E) 5.M,/ / )
F ‘-~~~~

SUBROUTINE
‘-‘EAL CVALUS (7)
DATA PI/3.141 59?6535~3979/

C
C TWO DI’4F~uSIONS

C V A l UES OF EQUATION COEFFICEINTS AT (X ,V ) IN O R D E R :
kJXX, UX y .LJV Y .t1X,l JY . ’~J . PI t,HT ~~~~

[ X V  =
CV ALUc~(1) = EXY
CVALUS (?) = 0 .0
C V A L I J S ( 3 )  1. 0/EXY
CVALU S- (4) 0.0
CVAI .US (5) = 0 , ()
CVA L IJS (~~) —1. /(1 . • ~ • Y )

TSX S J - ( ~~J * 1.)
ISV = SI~~(P1*Y)
TCX = COS (PI*X)
ICY = Coc (PTGY
F2XY = f x v * F X V

a



piyr~ ~~~~~~~ 
- 
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SAMPLEP - 4

TEM P = P I * ( X * T S X * T C V  • 3,*y*F?Xy.TCX*TSy)
TE MP1 TSX*TSY* ((2.*Y*Y_PI*PI)*F?XY — PI~~P1 —FXY / (1 .+ -*+Y))
CVAL US (7 = TFMP,TEMPI

C
R F TUR N

— END

SUB’~OUIINF HCOND (T,X,Y,BV ALUS )
REAL 8VALU S(4

C
C V ALUES OF BOUNDARY CONDITIONS COEFFICEINTS AT (X,Y)
C I~’s THE ORDER :
C U,UX,UY.~?IG HT S!DF
C

B V A L U S ( f l  1.0
BVALUS (?) 0.0
BVALUS (3) 0.0
BVAL (JS (4 TPU!(X,Y)

C
RETURN

FUNCTION ~PXU N~c (X ,V)
C
C INITIAL APPROXIMATION TI) UNYN0~ N VALUES
C

A p X r-1K = 0 , 0
C

Ri-TURN
E ‘! 1)

FUNCTION TPUF (X .Y)
DATA p1,3.14159265358979/

C
C TRUE Sf1 UT ION
C

TPUF = Fxp (x*y)*SIN (PT**)*crN (pI*y )
C

P~~T UPr- l
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Appendix 3

The Subroutine REGION

REGION is a subroutine which superimposes a grid of size h

on a region defined by closed contOurs . This routine constructs

a two—dimensional integer array over the smallest rectangle cir-

cumscribing the possibl y irregular region and denotes each grid

point with integer values , namely, +1 for interior points , +2 for

boundary points , +3 for exterior points. To utilize REGION , the

vertices defining the boundary of each contour in the particular

region are specified and ordered so that the interior of the region

always lies on the left. The x and y coordinates of the end-

points of each consecutive line segment defining a contour are given

as input data. The permissible line segments are those in an

arbitrarily chosen xy—p lane which are parallel to the x—axis or the

y—axis or which form a 45 0 angle with an ax i s  whose  e n d p o i n t s  a r e

grid points for the prescribed h.

While REGION was originally developed several years ago , it

has been modified and improved recently. This recoding has removed

restrictions such as the limits on the number of allowable vertices

and on the number of possible contours. REGION is now coded  in

standard Fortran with an improved data structure and with optimized

code where possible. The subroutine REGION is now compatible with

code specifications outlined in the ELLPACK Contributor ’s Guide 1 51 -

Hence , it is being utilized at UT Austin as an ELLPACK module to

perform domain processing. While REGION is somewhat limited with

regard to the types of domains it can process , it does work success-

fully on very complicatedregions with a number of “holes” in them——

all defined with horizontal , vertical , and 45 0 line segments.

As an illustrative example of the use of subroutine REGION ,

c o n s i d e r  t he  t w o — c o n t o u r  r e g i o n  (4).

*

-- - —- -- ----~~~ - - .  — —--~~~~~ — ~~~~~~~~ -Cs -- — _ _ _ _ _ _ _ _ _ _  
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(0 , 1) ( . 5 , 1)

(.5, .5)

~~

~~~~~~~~~~~~~~~~~~~~~~~~ 
__-~L1 (.2~~S~~

(0 , 0) \( l, O)

The contours are defined by the labeled endpoints of each line

s e g m e n t .  The i n p u t  d a t a  is read using format 1615 and consists of

the  number  of c o n t o u r s , t he  n u m b e r  of v e r t i c e s  f o r  a c o n t o u r
followedby the coordinates of the vertices from their rational form ,

i. e . ,  xl x2 yl  y 2  d e s i g n a t e  v e r t e x  ( x l / x 2 ,yl/y2). The final input

d a t a  is the  g r i d  spac ing  h in r a t i o n a l  f o r m . For example , if
h = 1/20 is s p e c i f ie d , t h e n  t he  input data would be as follows.

2
5
0 10 0 10 10 10 0 10 5 10 5 10 5 10 10 10 -
0 10 10 10
4
2 10 2 10 2 10 4 10 4 10 4 10 4 10 2 10
I 2’~

The p r i n t e d  o u t pu t  f r o m  REGION and t he  s tr u c t u r e  of the  i n t e ge r
a r r a y  GTYPE f o r  th i s  input data is as follows.

-- -~~~~ *- -~~ - -~~~~~~ -— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -
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21 ~~~~~~~~~~~~~ 21 22222222? ??3333333333
?I) ~~~~~~~~~~~~~~~~~~~~ 20 ? l I l l l l l l l? 3 3 3 3 3 3 3 3 3 3
i’~ ~~....... ..* IR 2111111111 733333 fl3 3 1
i~ 

*••,•,,,•~~~* 1~ 2 1 1 1 1 1 1 1 1 12 3 3 333333 33
17 ~~~~~~~~~~~~~~~~~~~~ 17 2111111111 23333333333
i.-~ *........ .* l~ 2 1 1 1 1 1 1 1 1 1 ?33333i3333
15 *, • , ,• •, ,~~~* iS 2 1 1 1 i I 1 1 1 1 ? 3333333131
14 *,••••,,•,* 14 21111111112 3333333333
13 *.........* 13 21111111 1123333331333
12 *, • • • • •~~~•• * 12 2 11111111123333333333
11 *......... * 11 2 111111111?3333333333
10 ~~~~~~~~~~~~~~~~~~~~~ 10 2 1 1 1 1 1 1 1 1 1 1 2 3 3 3 3 3 3 3 33

-
~ *...*****...* ~ ? 11122?2? 111233333333
~ *,~~~•* *....* 8 2 11123332111123333333
7 *...* *..... * 7 2 1 1 12 3 3 3 2 1 1 1 112 3 3 3 3 3 3

~s * • . * * • , • • • • * ~ 2 1112333?1 11111233333
L) *• • • *****~~~~~• • •~~~•* S 2 1 1 1?2 ?2 ? 1 1 1 1 i 11 ?3 3 3 3
~~ * • •,• •,• , ,• ,• • • •, * 4 ?1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ? 3 3 1
~ * , .•....... . . . . . . ~~* 3 ?l 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  ?3 3
~ ,I..................* 2 2 1 1 1 1 1 1 1 1 l 1 1 1 1 1 1 1 1 1 2 3
1 ~~~~~~~~~~~~~~~~~~~~~ I ?222?222????2???2?2?2

REGION Printed Output Integer Array GTYPE

The printed output from REGION for the other five test regions

follows.

- - - -- - - - --- --- - -  - -  



- _ _ _ _ _ _

(1) 21 ********************* (2 )
20 * . . s• • s • s ~~~s • ~~~. • • • •s s * 20 *...*
1~ * . , S . . . . •S • I .. . . s . . .* 

~~~~ 
* , , ,*

1~~~~ * ...s • . s s~~~~s~~~~s . • • •s s ø * P4 ~~~~~~~~~

17 *~~~~~s • • . • • s s ~~~• . s s • • • ø * 17 *...4
16 *~~~~~• • • • • • • • •, ,• • •, ~~~~~* 16 *• •~~~.*
IS ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 15 • . s . • *

14 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 14 *•...•• *

13 * . . .. . .s • s • • s .* . • • •~~~* 13 *.......*****..,.. s.*

12 *... ....•. ,•~~~...•••• * 12 *s,..s~~~•• •i •a...••s.*

11 *...................~~ 11 ~~...................*
10 *...................~~ 10 ~~...,..... ........e. *

9 * . . . . . . . . . . . . . . . . . . • * ~ . . . . . . . . . . . . . , , • • • • *

~ * . . . . . ... ... e .. ..... * F~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

7 * . .s s ~~~. • s • • •s . •• ~~~• • • * 7 *......, ,,.s,....... *

6 * . . .. s .. s . •s . . • •s • • • *
A.

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S
4 * . . • s , s s i s • • s s • s • i s • * 4 *• . • •~~~•~~~• • • • • . • • • •s • *
j  * ••~~~s . . s s •s ~~~s . s s i~~~~~s * 3 * . .. . . s. . • .. ..s . *

2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1 ****************000**

(3)  (5)  25 *******~~~*

21 ********* 
- 24 *, • • • • •

~~~A * * 
23.......

1 * * 2? *......•.•• *
I o * 

2 1 s . . . .• s • s u • *

1 1  * * . 20 ~~~~~~~~~~~~~~~~~~~~~~~~~~I ....... 
* -

16 *•••,,,~~~* 
1A~ e . . . .. .. .~~~. s . *

1~~~. 0 * 
i’~ 

* ... *
I •. ..... -, * *
1 /  * * 1’ • . . . . . s • s • • .. . .
1_ ., ....... 

*,*
~ * * 

1 . . . s s . s .s S . . s .s
~~~~~ ...•...
1~~~~ * * 15
I

I i  * * 14LI .........
I~~ * 0 1-’l v  . e. . . . . . . •  - * *9 *..... ....•. ********* 12

- * * 11
- .. ... .... .•...... .. 

*7 * * 10 - ..................
A • • I S~~~s S S . . . s • • • S ~~~• s
‘ * * ‘-~ * . ...s . . ... . .. .. . . .. *

.........•.... .. ...
- 

* * ~
• .... .....••....•...

* * 7 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
-4-

1 * * ~‘
-

_) * * ‘-) * . . • • . • • • • •s . .s . *
C . . .s . . . . .S . ~~~I . S . S S S

1 ****~~**ae***eee.*~~*.~ “ .........u... *

I *********

~~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —*- - - — --‘- —-.--- .- ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ A. . .. - - - ~~~~~~~~~~~~~~~~~ - —
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( 6 )  
1/ 40

************* -:
36 *...........*

* . . .• s • • • • • •*

32 * . . . si • . .s • s *

31

29
2~~ ’

27
26
?5 *****0000***000**, ••...... . . . . . • • • • • • • , 0

24 * . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . *
? 3 *. . . . . . . . . . . . . S. . .S S• .S  . . . . . . . . . . . . .  .

2 - * • • • , , • , • , • . . . . . . . . . . . . . . . . . . . . . . . . . . *21 *. . . . • 1•~~~~~~ • • 0 0 0 0*0* • • • • •
20 * • • s • • s s . s • * *,-u ~~~~~~~~~ * s s s s s . . *

19 ~~~~~~~~~~~~~~~~~~~~ 
0.0 *,..***

* • s • s s . . s * *,* * . . . . s* * • • . s s s • . s *

17 *•~~~•.... * 0,0 ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~

16 * , • s . s s * *~~* *,.,.. * *• , • •~~~•~~~,*
15 * s • . ., * 0*0 *,,,,. * *• •, •~~~•~~~*

14 *..,, * ~~~~~~~~~~~~ *,.,.., *

1_ i

12 . . s . . s • • s • s s • s s • s s s s • *

11 , s . . .s ~~~e • • s • s s s s s • s *

10

* . . . s s s • • • i s • s *

7
6
C)

1+

3

1 *

For completeness , we now give the listing of subroutine REGION .

_ _ _ _  - -- - - - - -  -
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R E G I O N  - 1

RRRR  EEEEE GGGG I I I  000 N N

R p F 0 I 0 0 NN N
P P F C, I 0 0 0  N N N
PRPR EEC G GG 1 0 0 0 N NN
P R  E G 0 I 0 0 0  N N

-
~~~~~~ - P R  F G 6 1 0 0 N N

P P FEFEE GGGG III 000 N N

11.42.52 07 JUN 77

SUHROUTTNE R E G I O N  ( G T Y P E , G P T D X , N G R D X D , G R I D Y , N G R D V D )

C
C F U N C T I O N  : S U P E R I M P O S E S  A MESH OF S I Z E  H X = H Y = H 1/ H 2  ON A R E G I O N
C D E F I N E D  BY CLOSED CONTOURS AND CONSTRUCTS AN INTEGER
C A R R A Y  WHICH DESCRIBES EACH MESH POINT ON THE SMALLEST
C RECTANGLE CIRCUMSCRIBING THE POSSIBLY IRREGULAR REGION
C AS AN INTERIOR POINT (.1). AN BOUNDARY POINT (.2). OR
C AM EXTERIOR POIN T (.3 .
C
C USAGE : CALL REGION (GTYPE,GRIDX,NGRDXD,GPIDY,NGRDYD)
C

C P A R AM E T E R S  :
C
C GT Y PE - GTYPE IS AN N G R D X D  BY N GPD Y D I N T E G E R  A R R A Y  USED TO
C I N D I C A T E  THE TY PE  OF P OI N T  ON THE GRID. THE NUMBERS
C 1, 2. OR 3 I N D I C A T E  R E S P E C T I V E L Y  I N T E R I O R. B O U N D A R Y ,

C OR E X TE R I O R  P O I N T S  OF THE G R I D,

C
C NG R DXD — NGRDXD IS THE ROW D I M E N S I O N  OF THE A R R A Y  GTYPE AS
C SPECIFIED IN THE CALLING PROGRAM .
C
C NORDYD — NG P DYD IS THE COLUMN D I M E N S I O N  OF THE ARRAY GTYPE
C SPECIFIED IN THE CALLING PROGRAM .
C
C G R I D X  - G R I D X  IS AN A R R A Y  OF LEN GTH NGRDXD D I M E N S I O N E D  IN THE
C C A L L I N G  PROGRA M . UPON LEAVING REGION IT  C ON T A I N S  THE
C X C O O R D I N A T E S  OF THE MESH L I N E S  S T A R TI N G  IN THE

C LOWE R LEFT HAND CORNE R.
c
C G P IOY — G R I D Y  IS AN A R R A Y  OF LE NGTH NGRDYD D I M E N S I O N E D  IN THE
C C A L L I N G  P R O G R AM . u PON L EA V I N G  R E G I O N  IT C O N T A I N S  THE

C V C O O R D I N A T E S  OF THE MESH L I N E S  S T A R TI N G  IN THE

C LOWER LEFT HAND CORNER.
C
C
C OT HER P A R A M E T E R S  PASSED IN LABELED COMMON A R E :

* C
C LE V EL = 0 NO PRINTING FROM REGION
C I THE INPUT DATA ONLY IS P R I N T E D .

= C = 2 THE G R A P H  OF THE R E G I O N  ONL Y IS P R I N T E D .

C = 3 P R I N T  BOTH INPUT DATA AND GRAPH OF R F G I ON
C

C DEBUG IS A L O G I C A L  D E B U G G I N G  PA R A M E T E R.  IF T R U E  THEN L E V E L

C IS RESET TO 1. IF F A L S E  NO A C T I O N  IS TAKEN.
C 
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C N G R I D X  IS THE NUM B ER OF MESH P O I N T S  IN THE X - D I P E C T I O N  OF THE
C CIRCU MSCRIBED RECTANGLE. THIS IS C O M P U T E D  IN R E G I O N .
C
C N GPI DY IS THE NUM B ER OF MESH P O I N T S  IN THE V - D I R E C T I O N  OF THE
C CIRCUMSCRIBED RECT ANGLE. THIS IS COMPUTED IN REGION.
C
C NGR PTS IS THE NUMBER OF T O T A L  ME SH P O I N T S  OF THE C I R C U M S C R I B E D
C PECTANGLE. THIS IS COMPUTED IN REGION.
C
C HX.HY AP E THE MESH S I Z E  FOR THE G R iD .  REGION PEAD~ HI AND
C H2 FROM DATA AND COMPUTES HX HY=H1/H2. MX AND MY ARE
C THEN RETUPNED TO THE CALLING PROGRAM .
C
C A X , B X  A R E  THE MINIMUM AND MAXIMUM VALUE S OF THE X COORDINATE.
C REGION COMPUTES TI~ESE AND RETURNS THEM IN LABELED COMMON.
C
C A Y . B V  A P E THE M I N I M U M  AND MAXIM UM VALUES OF THE V COORDINATE.
C REGION COMPUTES THESE AND PETUPNS THEM IN LABELED COMMON .
C
C
C PARAMETE Pc USING BLANK COMMON APE :
C
C L IS D E S C R I B E D  B E LO W
C
C
C OTHE R P A R A M E T E R S
C
C H1,H2 ARE PARAMETERS INDICATING THE UNIFORM MESH SIZE
C IN RATION AL FORM. THESE AS WELL AS L ARE READ IN AS
C DATA AND ARE DESCRIBED FURT HER BELOW .
C
C
C THE DEFINITION OF THE REGION IS AS F O L L O W S:

C
C KN = N U M B E R  OF CONTOURS IN THE R E G I O N .
C L (5 ,K) = N U M B E R  OF VERTICES ON THE K — — T H  CONTOUR —— 3 OR MORE
C L (1,T)/L (2,I) THE X COORDINATE OF THE I—TM VERTEX.
C L ( 3 , I ) / L ( 4 . I )  = THE V C O O R D I N A T E  OF THE I — T M  V E R T E X .
C H1/H2 = THE MESH S I Z E  TO BE CONSIDERED.
C
C NOTES : (1) THE A R R A Y  L USES B L A N K  C O M M O N  F U R N I S H E D  IN THE
C CALLING PROGRA M
C ( 2 )  THE INPUT DATA FOP THE V E RT IC E S  M U S T  BE O R D E R E D  SO

C THE I N T E R I O R  OF THE RE G I O N  A L W AY S  L I E S  TO THE L E F T
C (3) REQUIRED SUBROUTINES -_ R T R E G , I A B S , M O D S
C
C

C W R I T T E N  OR M OD I F I E D  BY D A T E

C

C ROGER 6. GR I M ES  A ND  D AV I D  P. uc IN CA ID  JUNE 1977

C ROGER G. GR I ME S  A N D  D A V I D  P . K I N C A I D  F E B R U A R Y  1977
C JA MES 0. S U L L I V A N  A N D  D A V I D  P. K IN C A ID  F E BR U A R Y  1976

C A L KIS  J. MOU RA DOG LOU AND JOHN H. DAUWALDER APR IL 1967
C

C CENTER FOR N U M E R I C A L  A N A L Y S I S / C O M P U T A T I O N  C E N T E R
C U N I V E R S I T Y  OF TEXAS AT AUSTIN
C

_



________ - — -- ~~~~~~~~~ - . ~~~ ~~~~~~~~~~~~~~~~~ — - - —
~~~~ 

—P-- - -

C REFERENC ES: BEST AVAILABlE con 2~GION - 3

C (1) KINCA ID,DAVID R. AND ROGER 6. GRIMES, ****~~ CNA REPORT •~~~* L
C
C (2) ALKI S J. MOURADOGLO (J AND JOHN H. DAUWALDER , ~REGIONC SPECIFICAT ION ROUTINE~~ V2 UTEX REGION . UTV2— 01—CC026.
C COMPUTATION CENTER. UT—AU~ TIN , APRIL 1967.
C

C (3) A . J. MO UP AD O G L O U.  ~~N U M E R I C A L  S T U D I E S  ON THE CONVE R G ENCE
C OF THE P E A C EM A N— P AC H F ORD  A L T E R N A T I N G  D I R E C T I O N  I M P L I C I T

C METH ODS ,  TN N— 67 ,  C O M P U T A T I O N  CENTER, UT—AUSTIN. JUNE 1967.
C
C
C

R E AL  G R I O X  (NGRDXD ,GRIDY (NGRDYD)

INTEGER GTYPE (N G R D X D.N G R D Y D)

I N T E G E R  R , S , P 5 1 , S SA V E , SE T , P , Q , F L A G , H 1, H 2
C OM M O N  LFTTER (3 )  ,NUP4BER(3) .L (5,1)

C
C •*. BEGIN: C O M M O N  DECK - ITPACK
C *0* END : CO MM ON DECK — I TPAC I (
C
C •°* B E G I N :  COM M ON DEC K - E L L P A C K
~ ~~~ END : COMMON DECK — E L L P A C K
C

NUM B EP ( 1  =2
N UM BE R ( 2  1

N U M B E R  (3) =3

LETTER (1) 1H*

L E T T E R  (2 )  = I H .
L E T T E R ( 3 )  = I H
M P 1=N G RDXD - 1

M Q 1= N G ROY D— 1

R E A D  (IROR .610) KN

R E A D  (IRDR .610) KC O 1

1 (5,1) KCO1

R E A D  (IRDR .610) (L(1.J) .L (2.J) ,L (3 ,J) ,L(4,J) .J I, KC O 1 )

IF (KN.LF .1) GO TO 20

00 10 K=2 .KN

READ (IRDR,610) L (5.K)
KCO2=KCO1 • I
KCO1=KCO1.L (5,K)

C
C’~~ I T  IS ASSUM ED THAT L ( 5 , K )  , 0 FOR K=1.2....,KN A N D  T H A T  KN > 0.
I-

10 R E A D  (IRDP.610) (L(1.J) ,L(2 .J) ‘L (3 ~~J) .L (4.J) .J KC02 .KCO1)

r
C’• THE °EAD ING OF THE C O ORD I NA TE S  OF THE V ER T IC E S  IS W I T H  1615 F O R M A T
,.• 1 (1 • I )  ‘L (2. I)  .L (3.1) ~L (4 . 1)  .L ( 1~~I • 1)  •L. (2 .  I • 1) .L (3. I • 1) , . . .

C
2 0 R E A D  ( I P D Q . 6 1 0)  H 1, H 2

K j 2x 0
!~ DEBuG LEVEL 3
!~ ( N O 0 ( L F V E L , 2 ) . F Q . 0 )  GO TO 40

~ f ’~4P t J T  DAT A 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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- 
- WRITF (IPTR,62 0)

KJ2 0
00 30 K=1 ,KN

KJ1 :KJ2• 1
K J 2= KJ2+L (5 , K )

wPITF (IPTR,63 0) K
WPITF (IPTR,640)
WRIT E (IPTR.660) (L (1,I),L (2,I),1 KJ1,KJ2)
WRITE (IPTR.650)

30 W R I T E  (IPTR,660) (L (3 ,I ),L ( 4 ,I) ,I=KJ1 ,KJ 2)

KJ2 O
40 00 60 I= 1 .~cN

K J 1  K J 2 •2
K J 2 = K J 2 4 L  ( 5 . 1)
IF (KJI.GT. KJ2) STOP 1
00 50 KS=KJ1,KJ2

K S I = K S — 1
IF ( L ( 1 , K S ) * L ( 2 , K S 1 )  . F Q . L ( 2 , K 5 ) *L ( 1 , K S 1)  .OR .L ( 3 , K S ) * L ( 4 . K S 1 )

1 . F Q . L ( 4 , K S ) * L ( 3 , K S L ) . O R . I A B S ( ( L ( I , K S ) * L ( 2 , K S 1 ) — L ( 1 , K S I I * L ( 2 ,
— 2 KS))*L (4,KS)*L (4,KSI)).EQ.PBS (L (2,KS)*L (2,KSI)* (L (3,K5)*L (4

3 ,KS1)_L (3,KS1)*L(4,KS)))) ‘O TO 50
WRITE (IPTR,670) Kc ,I
STOP ?

50 CONTINUE
K J I= K J I— 1

t O  60 J=1 .KN
IF (L (1,KJ1)*L (2.KJ2) .EQ .L(1,KJ2)*L (2,KJ1) .OR.L(3,KJ1)*L (4,KJ2)

1 .EQ.L(i,KJ2)*L(4,KJ1).OR.IABSUL (1,KJ1)*L (2,KJ2)_L (1,KJ2)*L (2,P(
2 J l ) ) * L ( 4 , k J f l * L ( 4 , k J 2 ) ) . E Q . J A B S ( L ( 2 , K J 1) * L ( 2 , K J 2 ) * ( L ( 3 , K J 1 ) * L ( 4
3 . K J 2 ) _ L ( 3 , K J 2 ) * L ( 4 , K J I ) ) ) )  C~O 10 60

W R I T E  ( I P T R , 6 7 0 )  K J 1 .J
STOP 3

60 CONTINUE
C
C 0 0 0  PICK THE MAX AND MIN OF THE COORDINATES OF TH E V E R T I C E S  OF
C*** ALL CONTOURS.
C*** M I N X I / M I N X 2  = M I N  OF X C O O P O I N A T E S

~~~~~ M I N Y I / M I N Y 2  M I N  OF V C O O R D I N A T E S
C**• M A X X I / MA X X 2  = M A X  OF A C O O R D I N A T E S
C*** MA XV1 /MAXY 2 MAX OF V C O O R D I N A T E S
r

M A X X  1 L  ( 1 . 1)
M j N X  I M A X X 1
M A X X 2 =L  (2,1)

M I N X 2 M A X X 2
M A X Y  1:L ( 3 . 1 )
M NY I M A  xvi
M A X Y 2 L ( 4 ,l )

M IN Y 2 : MA X Y 2  a

C
C 000  M INX1 = M A X X 1  = X ( 1 , 1 )

C 000  MIN X2 M A X X 2  = X ( 2 • 1
C*~~~~ M I N Y 1  = M A X Y 1  = A ( 3 ‘ 1 )
C*.* M IN Y 2  M A X V 2  = x ( 4 • 1
C

IF (KCOI.L. E.1) STOP 4
00 100 I=? .KCO1

-0

L.~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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IF ( M A X X 1 * L ( 2 , I ) , G F . M A X X 2 * L ( ] , I ) )  GO TO 70
M A X X I= L (I ,I )

M A X X 2 = t  (2 ,1)

CiO TO RO

70 IF ( M I N X 1 * L ( 2 , I ) . L F . M I N X 2 * L ( i , I ) )  GO TO 80

M T N X 2 = L ( 2 , I )
80 IF ( M A X Y 1 * L 4 ,I . G E . M A X Y 2 * L ( 3 , I ) )  GO TO 90

M A X Y I= L (3 ,I )

M A X Y 2= L  (4,1)

GO TO 100

90 IF (MINY 1*L (4,I) .LF .MINV2 *L (3,I)) GO TO 100

M IN Y 1 = L  (3 ,1)

MIN Y?=L (4.1)
1 00 CONTINUE

IF (H2* (M AXX 1*M INX2_MAXX2 *M INX1 ) .LE.Mpl.H1O MINX2*MAXX2 ) GO TO 110
W R I T~ ( I ~~T R , 6 8 0 )
STOP 5

110 IF ( H 2 * ( M A X Y 1 * M I N V 2 _ M A X Y 2 * M I N Y I ) ,LE . M Q 1*H 1 *p 4 1N y 2 * M A X Y 2 )  GO TO 120
W RITE (I~~TR.690)STOP 6

C
C*** CHECK THAT A LL B O U N D AR Y  POINTS A RE  I N T E G R A L  M U L T I P L E S  OF H
C

120 DO 150 I=1,KCO1
C
C 0 0 0  AT THIS POINT KCO1 THE TOTAL NUMBER OF VERTICES.
C

MM =~4 2* (L ( 1 . 1)  *M I N X 2 _ L  ( 2 , 1)  *p4 I~~~~ )
N N i ~4 I * M I N X 2 * L ( 2 , j )
K K = M M / NN
IF (KK*NN.FQ .MM) GO TO 140

130 wRIT E (IPTR,700
STOP 7

140 L ( 1.T ) =K K

MM= H?*(L (3,1) 0MII ~ Y~~—L (4,1) *M I N Y 1 )
NN HI*MINY2*L (4.1)
KK=MM /NN
IF (KK*NN.NE .MM ) GO TO 130
L (2.1) =KK

150 C ON T I N UE

C
C*** DETER MINE NGRIDX AND NGPIDY .
C

NGRXM1 L (1.1)
NGR YM1 L (2~ 1)
IF (KCOI.LT.2) STOP 10
00 170 1=2.KCO1

IF (NGRXM1.GT.L(1,I)) GO TO 160
NC ,RXMI=L (1,I)

160 IF (NGRYM1.GT.L (2 ,i)) GO TO 170
N G RY M I= L  (2,1)

170 C O N T I N U E
N GR IDX N G RX M 1 + 1

N G R X P 1 N G R I D X . 1

— 
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C~~*~~ SET THE A R R A Y  EGTYPEE TO ZERO .

C
00 180 J 1 , N G R I O V
DO LM O I=1 ,NGR IDX

1F~0 GTY PE (I ,J ) 0

C
C*** DEFINE THE B O U N D AR Y  POINTS W H I C H  A R E  NOT V E R T I CE S
C 000 IN THE ARRAY GTYPE
C

KJ2=fl
00 480 K=1~~KN

K J 1= K J 2 + 1
KJ2=KJ24L (S,K)

flO 480 J K J 1 •K J 2
IF (J.NE.KJI) GO TO 190
T PP=1.L (1,KJ2)
J QP=1•L (2.KJ2)
G0 T 0 2 00

190 IPP=1+L (1 .J—fl
IQ P = 1+L  (2 .J— 1)

200 IP=1 .LU,J
IQ=1.L (2 ,J)

IF (J.NE .KJ2 GO TO 210
IPN = 1 .L ( 1  .K J 1)
I QN= I .L (2.KJ1)
G0 T0 22 0

210 !P N 1~~L (1 .J .1)

IQN= 1•L (2 ,J .1)

220 CALL RTRE G U P P , I QP , I P , 1Q ,R )
CALL RTREG (IPN,IQN,1P,IO,S)
IF ( G T Y P E ( I P , I Q ) . E Q . O )  GO TO 230
WRIT F (1PTR,710) J,K
STOP 11

230
MODS MOD (S.4.8)
IF ( R .L E . S  GO TO 250
IF (MOOR .LF.MODS) GO TO 240
G T Y P F  ( IP ’  I Q )  =. 1
GO TO 280

240 G T Y P E ( T P , I 0 ) = . 1 0
r
~O TO 280

250 IF (R .NE.S GO TO 260
wRITF (IPTP,72 0) J.K
STOP I?

260 IF (MOOP .LT.MODS) GO TO ?70
GTYPF (IP,IQ) — 1
C,O T O 2RO

270 GTYPF(I P,IO) —10
2~ 0 IF (J.NE.KJI) GO TO 290

R5l=P
S S A VF = S

60 T 0 480
290 IF (I A RS (IP P— IP ) .LE .1.AND.IABSUQP—IQ ) .LE.1) GO 10 470

M ODR MOD (R.4,8)

MODS MOD (SSAVE •4, 8)

IF (P .LE.SSAVE) GO TO 300
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SET=•lO

IF (MODR .GT. MODS) SET=.1

GO TO 310
300 SE T =— 1 0

IF  ( M OD R . G T . M O D S )  SET — 1
• 310 IP M1= IA B SU P P— I P — 1

IQ M I = I A B S U Q P — r Q ) — I
IF ( I P P . G E . I P )  GO TO 370
IF ( I O P . G F . I Q )  GO TO 330
00 320 N=1,IPM1

320 GTYPFUPP .N ,IQP.N =SET

GO TO 470
330 IF ( I Q P . N E . I Q )  GO TO 350

DO 340 N=1,IPM 1
340 GTYPE (IPP .N ,IO)=SET

GO TO 470
350 DO 360 N = 1 , I P M 1
360 GTYPE (IPP .N ,IQP—N )=SET

GO TO 470
370 IF (IPP.NF .IP GO TO 410

IF ( I QP . G F .I Q )  GO TO 390
DO 390 N = 1 , I Q M 1

3B0 G T Y P E ( I P , I Q P .N = SET
GO TO 470

390 00 400 N 1,IQM 1

400 GTYPF (IP,IQP—N)=SET
G0 T0 470

410 IF (IQP.GE ,IQ) GO TO 430

DO 420 N = 1 ,T PM I

420 GTYPE (IPP—N ,IOP •N)=SET

GO TO 470
430 IF (IQP.NF.IQ) GO TO 450

DO 440 N=1,IPM1
440 G T Y P F ( I P P — N , I Q ) SE T

GO TO 470

450 00 460 N = 1 ,IPM 1

460 GT Y P E ( I P P — N ,  l O P — N )  SET
470 SSAVE=S

IF ( J . N E . K J 2 )  GO TO 480
I P P = I P
I Q P I Q

1 P= IP ~ l

IQ=ION
P=RS1
J=J•)

C
C 0 0 0  THE DO LOOP I N D E X  J HAS JUST BEEN REDEFINED INSIDE THE LOOP.

C
GO TO 29O

480 C O N T I N U E
00 540 ~J = 1 . N G R I D Y

C

C** SET INTERIOR AND E X T ER I O R  POINTS S C A N N I N G  LEFT TO RIGHT.

C

FLA G= 0
SET 3
00 510 I= 1 ,N GR IDX

- - -~ --~~---- --- --~~~~- —--~~~~~~-- - - — -~~ -~~~~~~~~~~ —---~~~~~ -~~~~—-p-— - -  - - - ~~~~ -~~~~~~~~ - - -  ~~~~~~~ -- - -
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IF ( G T Y P E ( l , J ) . E Q .0)  GO TO 490
Ft . A 6 1
GO TO 510

490 IF ( F L A G . E Q . 0  GO TO 500
F~ 4 6 0
SFT=2

IF (GTYPE(I— 1 ,J) .GE.0) SET=3 
—

500 GTYPE (I,J) SET

510 CONTINUE

C
C000 CHECK C O N S I S T E N C Y  OF CONTOU R O R I E N T A T I O N S  S C A N N I N G  R I G H T  TO LE FT .
C

F L A G = 0

00 540 K=1.NGRIDX
I NGRX P1—K 

—

IF (GTYPE (I,J).EQ.2) GO TO 520

IF (GTYPE (I,J).EQ.3) GO TO 520

FL AG= I
GO TO 540

520 IF (FLAG .EO.0) GO 10 530

FLAC ,=0

SET=2

IF C I A B S ( G T Y P E ( I . 1 , J )  ) . EO . 1)  SET=3
530 IF ( G T y P E ( I , J ) . E Q . S E T  GO TO 540

W R I T ~ ( I P T R , 7 3 0 )  I ,J
STOP 13

540 CONTINUE
C
C000 SET THE V A L U E S  OF THE A R R A Y  ~ GTY P E ~~.

C
00 550 J 1 ,NGRIDY

DO 550 I 1 , N G R I D X
K= G T Y PF (I  ,J)

IF ((K.NE.2).AND.(K.NE.3)) K 1
550 GTYPF (I ,J) L E T T ER (K )

IF (LEVEL.LT.2) GO TO 570

C
C PRINT THE REGION IDENTIFIC ATION GRID.
C

WRITE (IPTR,620)
W R I T E  (TPTR ,740) H1.H2

ME ~A B = NGP l OX
DO 560 K = 1 ,N G R ID Y

J N G R YP 1— K

560 wRITE (IP’P’750) J, (GTYPE (T .J).I=1 .MAXAB )
S70 CONTINUE

DO 580 J= 1 ,N G R IO Y

DO 580 I 1,N G P I D X
IF (GTYPE (I ,J ) .EQ.LETTER (1)) GTYPE(I.J) N UM B ER (1 )

IF (GTYPE (I ,J) .EQ.LETTER (2)) GTYPE(I,J) = NUM BER (2 )

IF (GTYPE(I ,J) .EO.LETTER(3)) GTYPE (I ,J) = N U M B E R ( 3 )
580 CONTINUE

NGPPTS N GPI D X*N GR I D Y

HX F L O A T ( H 1 ) / F L O A T ( H 2 )
HV HX
AX F L O A T ( M IN X 1 ) /F LOA T ( M TN X 2 )

~ 

—~~~~~ - - ---- -~- ~~~~~~~~~~~~~~~~



-- _ - - 
~~~~~~ -~~r’ .-~ ----~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ --

DE~ A
~IAILA DI C flV 87

D ) I  MYMI DL L r i P E G I O N - 9

BX F L O A T ( M A X X 1 ) , F L O A T ( M A X x 2 )
A V = F L O A T (M IN Y I ) /F L O A T (M INV 2 )
BY FL O A T (M A X Y 1 /FLOAT (MAXY 2 )

00 590 ISET=1 ,N GR IDX
590 G R I D X ( I S E T ) = A x . F L O A T ( I S E T ~~1)- * H X

DO 600 I SF T I , N G R I D Y
600 GR IOY( ISET )=AY •FLOAT (ISFT_ 1)-*HY

R E T U R N
C

610 FOR M A T  (1615)
620 FOR M A T  (1H1.////)
630 F O R M A T  (/ / / 2 5 x . 1 3H C O N T O UR  NO. ‘I5~~/)
640 FORM AT (/,1H0,4X,25Hx COORDINATES OF VERTICES)
650 FORMAT (/,IHO.4X,25HY COORDINATES OF VERTICES)
660 FORMA T  (IOX .8(1X ,I4 ,1H /,I4 .2X))
670 FOR M A T  (1H2 ,///,1OX ,23HTHE COORD INATES OF THE .IS.18H TM VERTEX O~

1 THE ‘I5,12H TH CONTOUR ./ ,IOX .SSHDEFINES WI T H  THE PREVIOUS VE RT EX

2 A SEGMENT WHICH MAKES ,/.1OX,6SHWITH THE X—AXIS AN ANG LE O TH ER TN
3AN N0 (PI/4 ) WHERE N IS AN INTEGER .//)

680 FORMAT (1 H2,///,1OX,3oHTOO MANY MESH POINTS IN X DIRECTION .1/)
690 F O R M A T  (1H2 ,///,1OX,36HTOO M A N Y  MESH POINTS TN V DIRECTION ,/ / )
700 FORMAT 1H2.///.10x.2OHH IS NOT ACCEPTABLE .///)
710 FOR M A T  ( 1 H2 , l O x , 4 H T H E  ,I5 ,1BH TH VERTEX OF THE ,I5.24H TH CONTOUR

1A L R EA O Y  SET ,/ / /)
720 FORM A T (If$2 ,10X ,4HTHE ,15 ,1RH TH VERTEX OF THE ,I5,24H TN CONTOUR

1GIVES -, = S .1/i)
730 FORM A T  (1H2, ///,1OX ,56HINCON SISTENT CONTOUR ORIENTAT ION FOR MESH P

I O I N T  W I T H  P = I 3 ,2 X .3 H0  = 13)
740 FORM A T  (25X .31HTHE REGION IDENTIFICATION GRID ,//,30X,22H. ARE INT

IERIOR POINTS ,/,30X,22I4~ ARE BOUNDARY POINTS ,/,30X,28H (BLANK) ARE
2 EXTERIOR POINTS ,//,35X,4HH = , 14 , 1 H/ , 14 , / / )

750 FORM A T  (3X ~~I5 ,2X ,101A 1 )

C
ENO

SUBROUTINE RTPEG (P1,Q1 ,P2 ,02 ,RS)

IN TEGER P1,P2 ,Q1,02 ,PS

C
IF  ( P 1— P 2 )  10,50 .90

C
C000 p) ~ P2.
C

10 IF (O1—02 20.30.40

20 PS=5
* R E T U R N

3O QS=4

• RETUR N
40 ~s=3

RETURN
C
C~ °~ P1 = P2 .
C

50 IF (‘)1— 02 60,70.80 
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60 P5=6 

BEST AVAILABLE copy PFGION - 10

RETURN
70 W R I T E  ( I ~~T R , 13 0 )

STOP 14
BO PS=2

RE TU RN
C

~~~~i P2.
C

90 IF (01—0 2) 100 ,110’120
100 PS=7

RETURN
110 Q 5 0

RETUR N
120 R S I

R E TUR N
C

130 F O R M A T  ( 1H 2 , I O X .  4 2 H ( R T R E G )  TWO V E R T I C E S  HAV E THE SA~4E P AND Q~~//)

C
F:

1Itlk ~~  - - 
~~~~~~~~~~~~~~ 
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Addendum to ITPACK Report

A new v e r s i o n  of ITPACK (August 1977) has added capabili—

t i e s  to t h e  v e r s i o n  covered  in t h i s  r e p o r t .  These  capabilities

are a new solution method , Symmetric SOR Partially Adaptive

(hereafter referred to as SSOR—PA) , a constant coefficient switch ,

a nd an a d a p t i v e / n o n a d a p t i v e  s w i t c h .
SSOR— PA is similar to symmetric SOR Semi—iterative (SSOR—SI)

except it applies the adaptive process o n l y  to  t h e  s pe c t r a l
radius , SPECR. To use SSOR— PA a good choice of CME and OMEGA mu st

be k n o w n , a p r i o r i .

The constant coefficient switch is a logical , variable

CONSTC. If the user wants to solve an Elliptic Partial Differen-

t i a l  Equation with constant coefficients , then CONSTC should be

set to .TRUE. in the main program . This will allow the user to

set MXNCOE—l and reduce the storage allocation by 3 full vectors.

The array COEF would then contain only the right—hand side of the

equation and the constant coefficients would be saved in a labeled

common b l o c k .

The adaptive/non—adaptive switch is the logical variable ,

ADAPT. If the user already has a good parameter selection and does

not wish to change parameters adaptively, ADAPT should be set to

.FALSE. This switch is available in all solution methods except

SSOR— PA. As SSOR—SI and SSOR—PA are identical in the non—adaptive

case , this option was added only to SSOR—SI as it required less

storage allocation than SSOR— PA.

Another change in the new version of ITPACK is the initial—

ization of scalars , parameters , and switches that are needed in

ITFACK. To interface with the ELLPACK Control Program these

variables could not be initialized in the main program and must

instead be initialized from an input file. The following variables

are still initialized in the main program:

rn-- —-s-- —~ —_ ~s__--_ _ 
----~~- rn—----- - -- _ _ -- _ _ _ - _ _ A
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NGRDXD CO NSTC
- N GRDYD DEBUG

MXNC OE LEVEL
I MXNEQ

- 
The variables which are initialized from the input file are:

- ITI4AX F

ZETA CME
EPSI SME

ADAPT OMEGA
CASE I SPECR

The input file for these variables consists of two lines

and must be added to the end of the input file for the REGION

subprogram (see Appendix 3). The first line is the same for all
- - s o l u t i o n  m e t h o d s .  ITMAX , ZETA , EPSI , ADAP T and CASEI are read in

- 
a 110 , 2 F l O . 2 , 2Ll O f o r m a t .

The variables on the second line of the input data line

- depend on the solution method but all are read in 4FlO.2 format.

For 3—SI  or R S — S I  t he  v a r i a b l e s , in the  o rde r  t hey  a p p e a r , a r e F ,

CME , and SME. For SSOR—CG , SSOR—PA , and SSOR—SI the variables are

- F , CME , OMEGA , and SPECR. In the adaptive case (ADAPT~~.TRUE.)

RS—CG and CJ—CG need no second l ine , w h i l e  in the non—adaptive

— case (ADAPT .F A L S E .)  CME is read from the second data line.

- 
A sample of the above for the SSOR— PA solution method follows.

Columns — 10 20 30 40 50
- I 100 .000001 .000001 TRUE FALSE

- . 7 5  .95 1.64 0 . 0

I TPAC K would then set:

ITMAX—lOO F= .75

- 
ZETA = .000001 CME— .95

1 EPSI= .00000l OMEGA—l .64

-~~ ADAPT~~.TRUE. SPECR=O .O

CASE 1= .FALSE . 

-- --- - --~~~~~~~ -~~ -----
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